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Abstract 

We systematically study the factorization and recursion relations in higher genus 
correlation functions of BMN (Berenstein-Maldacena-Nastase) operators in free A/" = 4 
super Yang Mills theory. These properties were found in a previous paper by the 
author, and were conjectured to result from the correspondence with type IIB string 
theory on the infinitely curved pp-wave background, where the strings become effectively 
infinitely long. Here we push the calculations to higher genus, provide more clarifications 
and verifications of the factorization and recursion relations. Our calculations provide 
conjectural indirect tests of the AdS/CFT correspondence for multi-loop superstring 
amplitudes of stringy modes. 



* minxin . huang@ipmu . j p 



Contents 



1 Introduction |2] 

2 Reviews of the pp-wave geometry and BMN operators |3] 

3 Planar correlators of multi-trace BMN operators [71 

3.1 Correlators between a single trace and a triple trace operator [9] 

3.1.1 Case one: (O^^^^O^^O^^O^s) [g] 

3.1.2 Case two: {Oi^^^O^^O^^O^^) M 

3.2 Correlators between two double trace operators [171 

3.2.1 Case one: (0^10^4 [17| 

3.2.2 Case two: (O^i0^tn,m0o'0o') (Ji > J2 > J3 > ^4) M 

3.2.3 Case three: {Oi^^^^O^^O^^O^^) (Ji > J2 > J3 > J4) M 

4 Factorizations and recursion relations: the precise rules 1231 

4.1 Constructing the field theory diagrams [23] 

4.2 Constructing the string diagrams [24] 

4.3 Determine the multiplicity and factorization relations [26] 

5 Higher genus BMN correlators 1291 

5.1 Torus correlator between two single trace operators [29] 

5.2 One loop string calculations with integral form of the vertex [31] 

5.3 Torus correlators between a single trace operator and a double trace operator [36] 

5.3.1 Case one: the vacuum diagrams [36] 

5.3.2 Case two: (O^^^^Oo^^Oo^^)torus M 

5.3.3 Case three: {Oi^^^O\^OJ^) torns M 

5.4 Genus two correlators between two single trace operators [48] 

5.4.1 The vacuum diagrams and multiplicity [48] 

5.4.2 The stringy BMN operators [50] 

5.5 Genus three: a test [56] 

6 Correlators of BMN operators with more stringy modes 1581 

6.1 The operator and vertices [5H] 

6.2 The case of (a^ ^0^j/0^?/0^?/) [59] 

\ (mi, 7712,7713) (0)i (0)2 (0)3/ ' ' 

6.3 One-loop string propagation [61] 

7 Conclusion [66] 
A Some useful summation formulae 1671 
B Field theory calculations for {0'L^^^O'L^^^)h [68] 



1 



1 Introduction 



The AdS/CFT correspondence ^ElEj has been a main direction of research in string theory 
for more than a decade. The original correspondence relates maximally supersymmetric 
string theories with gauge theories, for example the type IIB string theory on the AdS^ x 
background with = 4 SU{N) super Yang-Mills theory in four dimensions. By now the 
correspondence has been applied many less symmetric cases, as well as other research areas 
such as QCD physics and condensed matter physics. The hope is that gravity in the AdS 
space can provide useful effective descriptions for strong coupling dynamics which is difficult 
to deal with theoretically but can be observed experimentally in QCD physics or condensed 
matter physics. 

In this paper we pursue the opposite direction, namely we try to study difficult string 
dynamics using gauge theory. This was made possible in a pp-wave limit of the AdS space, 
corresponding to the BMN (Berenstein-Maldacena-Nastase [4J) sector in the = 4 SU(N) 
super Yang-Mills theory. We will further restrict ourself to the case where the pp-wave 
background is infinitely curved comparing with the string scale, which corresponds to the 
case that the = 4 super Yang-Mills theory is free. One may wonder how a free gauge 
theory could describe non-trivial dynamics. We note that it is quite common in string 
dualities that a weakly coupled theory on one side is equivalent to a strongly coupled theory 
on the other side, as well as that a free theory on one side is equivalent to an interacting 
theory on the other side. In fact it is well known that the free string spectrum in the 
pp-wave background is described by perturbative planar gauge interactions of the BMN 
operators. So we should not immediately dismiss the notion that the free gauge theory can 
describe non-trivial string interactions. Since we don't have supports of experiments as in 
the case of QCD physics or condensed matter physics, and string theory in highly curved 
Ramond-Ramond backgrounds is not well understood, we will use an indirect approach in 
our study of the duality. We conjecture that the string theory on the infinitely curved 
pp-wave background is extremely simplified, and the string interaction amplitudes can be 
computed by a diagrammatic approach, similar to those in string field theory, which we call 
the string diagrams. These string diagrams compose of three point couplings of the BMN 
operators, therefore the correspondence between string theory and gauge theory induces 
certain factorization and recursion relations [6J for the correlation functions of the BMN 
operators in gauge theory at higher genus. 

One may wonder whether these factorization and recursion relations are just properties 
of the gauge theory with no relation to string theory. But the string theory perspective 
helps to derive these relations, so it is useful. Furthermore, even if it may be possible to 
systematically prove these relations within gauge theory, as we mentioned we still expect 
free gauge theory to describe non-trivial string dynamics if the AdS/CFT correspondence 
is correct. The natural physical observable of string theory in the pp-wave limit would be 
described by the correlation functions of the BMN operators. 

The main purpose of this paper is to precisely formulate the factorization relation (4.2) 
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and test it systematically in many examples. The paper is organized as the followings. In 
Section[2]we review the basic ideas of the pp-wave limit, and also try to clarify some puzzling 
issues in the literature. In Section [3] we study some simple examples of the factorization and 
recursion relations for planar correlation functions of multi-trace BMN operators. In Section 
[4] we state the precise rules for factorization and recursion relations, which we conjecture 
to result from the correspondence with string theory on pp-wave. In Section [5] we test 
the factorization and recursion relation properties for BMN correlators at higher genus. In 
Section [6] we consider general type of BMN operators with more string excitations. 

2 Reviews of the pp-wave geometry and BMN operators 

We should review some basic terminologies of the pp-wave geometry and the corresponding 
BMN operators in = 4 super Yang-Mills theory to refresh the memory of the readers, and 
we also clarity some confusing points in the literature from our perspective. A long time 
ago, Penrose pointed out when one zooms in a null geodesies of any geometry, one finds 
a pp-wave type of geometry [7J. This procedure is applied to the well-known AdS^ x 
background of the type IIB string theory to obtain the corresponding pp-wave geometry 
|4j i8j. This is known as the pp-wave limit, or BMN limit. In this paper, we use the 
notation "pp-wave geometry" to refer solely to the pp-wave geometry from the Penrose 
limit of AdS^ x background. The pp-wave geometry is rather special because it is the 
only maximally supersymmetric background of the type IIB string theory besides the flat 
10-dimensional Minkowski space and the AdS^ x space. The metric of the pp-wave 
geometry is 

ds^ = -Mx^x- - fi^{f^ + y^){dx^f + df^ + dy^ (2.1) 

where the x~ are the light cone coordinates and the r and y parameterize points in the 
two i?^'s coming from AdS^ and S^. The mass parameter jj. parametrizes the curvature, or 
the inverse of the length scale of the geometry. There is also a five form Ramond-Ramond 
background flux F+1234 = ^ 

The pp-wave background has the nice property that the free string spectrum is easily 
solved, which is a difficult problem in the AdS^ x S^. This can be achieved using the Green- 
Schwarz formalism in the light cone gauge. The vacuum string state is denoted by |0,p^) 
where p'^ is the light cone momentum. Here we consider the vacuum state with only the 
light cone momentum and zero momenta in all other 8 directions, because the BMN 
operators are constructed for these states. We can then construct a general excited string 
state by acting on it the string creation operators denoted (a^)'^ for bosonic excitations and 
(S^)^ for fermionic excitations. Here I^h — 1,2,. ..8 label the spacetime directions other 
than the light cone directions, and n is the excitation level number. We use the notation 
that positive n's denote the left-moving excitations of the type IIB closed string, negative 
n's denote the right-moving excitations and n = denotes supergravity mode. The string 
states have to satisfy the level matching conditions with equal number of left-moving and 
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right moving excitations. So with one creation operator we only have the supergravity 
modes (ao)^|0,p^), and with two creation operators we can create string modes such as 
(a!.^Jt(a/2)t|o,p+). 

The mass of these string states have been studied using the Green-Schwarz formahsm 
[ll[9j. The vacuum state |0,p^) have a mass proportional to and a creation operator of 
level n acting on the vacuum state contributes to the string mass 



*^" = "f + a^ 

where = is the string length square. There are two limits one can take. One is 
jia'p'^ » 1, which means the spacetime curvature parametrized by ji is very large comparing 
with the string scale. In this limit the stringy modes are almost degenerate for all excitations, 
so this is highly stringy regime. The other limit is jia'p'^ <C 1, which approach the flat space 
limit, and there is a clear mass gap between stringy modes. 

Now we turn to the BMN operators in = 4 SU{N) super Yang-Mills corresponding 
to the string states. The = 4 super Yang-Mills has six real scalar flelds in the adjoint 
representation of SU{N) gauge group and can be written in terms of 3 complex scalars 

The light cone direction corresponds to one of the complex scalar flelds which is picked as 
Z. The vacuum string state corresponds to the operator Tr(Z^), which we call the vacuum 
operator. Here J is an integer equal to the R-charge of the vacuum operator in the Z 
direction of the SO{&) R-symmetry group. The AdS/CFT dictionary in the pp-wave/BMN 
limit relates the parameters of the two theories as 

/ia p+ = ^-7=, 47r^5 = g\y^ (2.4) 

^YMV A/ 

where Qs and ^ym are the string coupling constant and the Yang-Mills coupling constant. 
In the BMN limit, J ^ \fN ^ +oc, and we can deflne two flnite dimensionless parameters 
A' and g as the followings 

^-^7^' 9-^ (2-5) 
The stringy excitations correspond to inserting the operators 0^ Di^ (i = 1,2,3,4) for 
the bosonic excitations and eight components of the gaugino for the fermionic excitation. 
In this paper we mostly study bosonic modes with 0^ insertions for simplicity. The level 
number of the string states are encoded by a complex phase. For example, the BMN 
operator for one excitation and two excitations are 

1=0 

J-1 J-1 

{ai\)Hai\)%P^) ^ 5;5]T¥(Z^i<^^iZ^^-^i<^^^Z^-^^)e^e^ (2.6) 
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We see the BMN operators nicely take into account of the level-matching conditions. Due 
to the cyclicality of the trace, the operator with one excitation at level n vanishes if n 7^ 0, 
and the operators with two excitations level numbers ni,n2 vanishes if ni + 712 7^ 0. In 
this paper we will mostly consider the BMN operators with two different 0^^, (^j^ j^) 
insertions, and discuss some general types of operators with more excitations in Section [6j 
We use the properly normalized BMN operators for up to two excitations as the followings 

^/JW 

Oim,m - V^TT^E-'^T^K^^^^V^^^^-O- (2.7) 
"^^^^ 1=0 

These operators are normalized such that their free planar two point correlation functions 
are orthonormal to each others. The vacuum operator O"^ and the operator Oq with one 
supergravity mode are half-BPS operators whose conformal dimensions receive no quantum 
correction and are simply the number of fields in the operators. The operator 0:{^ ^ with 
stringy modes are not BPS, but the quantum correction to its conformal dimension can be 
computed perturbatively for small A^ 

It is well known that the field theory diagrams can be drawn in the t'Hooft double 
line notation, and it is generally assumed that in large N duality such as the AdS/CFT 
correspondence, and the genus of the field theory diagrams correspond to the genus of the 
string worldsheet. We mentioned there are two dimensionless parameters (2.5) in the BMN 
limit. It turns out that in the BMN limit, the genus of the field theory diagrams is counted 
by the power of the parameter g — There are two limits one can take. Firstly, one can 
take a planar limit, set ^ = and finite. This suppresses higher genus diagrams and we 
have a free string theory and a planar interacting gauge theory. The string spectrum (2.2) 
can be reproduced by the calculations of the conformal dimensions of the BMN operators, 
which was done at one loop in [4] and exactly to all loops using a = 1 superspace 
formalism in [10] . Secondly, one can also take the limit A' = and keep the parameter 
g — ^ finite. This makes the gauge theory free, but we have string interactions because of 
the higher genus diagrams. The second limit would be the focus of this paper. 

The free field limit A' = corresponds to jia'p^ — +oc, so on the string theory side, this 
is an infinitely curved space. The excited string states are tensionless, infinitely long and 
have degenerate mass. This raises a puzzling question of what the correct basis of physical 
states is. In the planar limit, one can see that the BMN operators (2.7) are orthogonal to 
each other when one computes the two point functions at one loop 

(O_^,^(x)O_„,„(0)) = ^^^(1 - 2AVlog(|x|A)) (2.8) 

where x is the 4-d spacetime coordinate. The one loop piece is proportional to A' and gives 
rise to the anomalous conformal dimensions of the operators. Since the one loop pieces are 
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different for different level numbers n (except zbn, which correspond to the left-moving and 
right-moving string modes of level |n|), an unitary transformation of the BMN basis is not 
allowed. So we see in the planar limit, the BMN operators form the correct physical basis 
that have well-defined conformal dimensions, or well-defined mass for the corresponding 
string states. However, once we turn on finite g — the two point functions are no longer 
orthogonal at free field or one loop level, 

(O_„,„(x)O_„,„(0)) = + c(i)„(5)A'log(|x|A)) (2.9) 

Since the one loop contribution depends on the space time coordinate x, but a transfor- 
mation of the BMN basis should be independent of the spacetime coordinate, we must 
simultaneously diagonalize two matrices and One would need to simultaneously 

diagonalize more matrices at higher loop levels. It is not clear how to do this systematically 
to all orders both in A' and ^, or whether it is possible to do so. 

Here we will not provide an answer to this puzzling question, but instead go to the free 
field limit A' = with finite ^, where a nice situation emerges. Here the BMN operators are 
already orthogonal to each others at planar level, so we can use the BMN basis as physical 
basis and interpret the higher order corrections in ^ = ^ as string loop corrections. One 
may ask why not diagonalize the free field two point functions to higher orders in and 
use the diagonalized basis as the physical basis of states. There are several reasons against 
doing this. Firstly, we don't know how to find a diagonal basis for finite A' and ^, so there 
is no compelling reason to change the BMN basis for A' = either. Of course the planar 
free two point functions would still be orthonormal if we apply any unitary transformation 
to the BMN basis. But since at the planar limit we know that the BMN operators form 
the correct physical basis of states, it is possible that this remains the correct physical 
basis in the different limit of A' = and finite ^, and we conjecture this is indeed the case. 
Secondly, general insights of large N duality tell us that non-planar diagrams in field theory 
should correspond to string loop interactions. It is not very helpful to simply diagonalize 
away the higher genus contributions, but it would be natural to study them as string loop 
contributions. Furthermore, as we see there is a natural interpretation of a single trace 
operators as a single string state, and we can multiply several single trace BMN operators 
into a multi-trace operator which corresponds to a multiple-string state. The correlation 
functions between a single trace BMN operator and a multi-trace BMN operator naturally 
represent the interaction processes of a single string splitting into several strings, or the 
reverse processes of several strings joining into one. Diagonalizing the single trace BMN 
operators at non-planar level would lose these nice features. Including multi-trace operators 
for the diagonalization does not help. 

We can compare the situation to those studied in [HI [12], where they consider BPS 
operators of very large R-charge of order N ^ which is much larger than the J ^ \fN in 
the BMN limit. These operators are interpreted in the string theory side as D-branes, or 
giant gravitons in AdS space. The two point functions of the BPS operators receive no 
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quantum correction, so here one simply can not rely on conformal dimension to find the 
correct physical basis of states. Actually, it was found that the Schur polynomials in terms 
of the scalar field Z diagonalize the free two functions at finite N ^ not just in the planar limit 
[12]. This is possible in this case because these are BPS operators. Since they are D-branes 
we do not need the higher genus corrections which correspond more naturally to string 
loop corrections, instead we can describe open strings attached to D-brane by attaching 
some small operators to the D-brane operator [13} [T^ [T5] . For some constructions with 
sophisticated group theoretic aspects see [16]. So it is good that a diagonal basis is available 
for the D-brane operators at finite N ^ however we should not try this to the BMN operators 
because as we mentioned, they are not BPS and we need the higher genus contributions 
which can be naturally interpreted in string perturbation theory. 

3 Planar correlators of multi-trace BMN operators 

A nice property in the BMN sector is that there are essentially only two point functions, 
and no higher point functions. This is because the BMN operator have a large number of 
Z fields, and in the gauge theory to compute the Feynman diagrams we contract Z with 
so there must be equal numbers of Z and Z. The string states corresponding the operators 
composed of Z have the same light cone momentum direction, which is opposite to that 
of the Z operators. String interactions are described by splitting or joining the trace of 
the Z fields, and it is quite unnatural to contract the string excitation insertions in the 
BMN operators within the same light cone momentum direction, since the number of these 
insertions are very small comparing to the number of Z fields. So in this paper we will 
only consider two point correlators, and represent the multiple string states by multi-trace 
BMN operators, which are just products of single trace BMN operators. We also conjecture 
that there is no contact interaction in the case we consider here, and the only interactions 
are cubic interactions, which represent a closed string splitting into two closed strings, or 
two closed strings joining into a closed string. We should note this is in general not true 
in closed string theory and there are indeed quartic and higher interactions [20j, but it is 
only possible here because we are in the free field limit and the corresponding strings are 
infinitely long. The space time dependence of the two functions in conformal field theory 
always takes the form \x\ —X2\~^^. In this paper we are mostly interested in the coefficients 
of the two functions and for simplicity we will omit the spacetime dependence in the two 
point functions. 

The basic ingredients of the string interaction are the 3-string interactions, which is 
described by the planar correlators of a single trace BMN operator with a double trace 
operator. The correlators were firstly computed e.g. in fTT], are listed below for BMN 
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Figure 1: The 3-string vertices are represented by the correlators of a single trace operator 
with a double trace operator. We draw arrows at each edge of the vertex to represent 
the incoming or outgoing strings. These diagrams represent a long string splits into two 
short strings. We can also simply reverse the directions of the arrows to obtain the reverse 
processes of joining two strings into one. 

operators up to two insertions 

(0^„,„0^-„,.0^', ^ ^^-^^^ (3.1) 

Here ^ = 4^, x = and it is implicit that J = Ji + J2. We will always assume x is of a 



generic value so that mx — n is not an integer. It is known that these correlators (3.1) can 
be derived from the interaction vertex of the Green-Schwarz light cone string field theory 
on pp-wave backgrounds O [T9j. They will be the building blocks of string diagrams. In 
Fig. [T]we depict some examples of the 3-string vertices. 

It turns out that sometimes it is more convenient to use the integral form of the 3-string 
vertex when we later sum over intermediate states in string diagrams. The 3-string vertices 



in (3.1) are computed by inserting the scalar insertions into the vacuum operator with the 



BMN complex phases in Fig. [2j We can write the 3-string vertices of the stringy mode in 
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Figure 2: The field theory diagrams for calculating the planar vacuum correlator 
the integral form 

{0'.^,mO'o'0',^) = r dyie'^'^y^X [\y2e-'^^^y-) (3.2) 

VJ Jo Jx 

vJ ^ Jo Jo 

where x — 

To understand the factorization and recursion relations, in this section we first consider 
two simple cases to exemplify the idea. The two examples are the planar correlators between 
a single trace and a triple trace operator, and the planar correlators between two double 
trace operators. 

3.1 Correlators between a single trace and a triple trace operator 

There are two interesting cases to consider, namely the cases of {O'Ljj^^jj^O'^^ O'^^ O"^^) and 
{0'Ljn^^O'!}^^^0'^'^0'^^) , where J = Ji+ J2+-^3- We will discuss them respectively. We discuss 
the first case in more details and the second case is similar. The factorization relations we 
will discuss here also work for the non-stringy cases 

but these cases are too trivial and we skip them to focus on the interesting cases that there 
is at least one non-zero stringy mode in the correlator. 

3.1.1 Case one: {Oi^^^O'^'O^'O-'^) 

Here we assume the two scalar insertions in O'L^m 4'^ ^ 4^^^ ^^^1 the scalar insertions in 
O^i and 

are (f)^ and cfp' respectively. The field theory diagrams are depicted in Fig. 3 
and we denote their contributions f!^^ and F^^ respectively. We will always denote 

the field theory diagram contributions by the letter F with indices to indicate they are field 
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Figure 3: The field theory diagrams for (0:{^^0o^0o'0^3^. We denote the contributions 
of the 3 diagrams Fi^\ F^^\ F^^\ 

theory contributions. Here the red hues represent the cychc traces of Z or Z fields, and the 
black lines connecting them represent the Wick contractions between fields. We draw the 
operators with traces of Z on the top and the operators with traces of Z at the bottom. We 
divide the black lines from a operator into segments, and each segment represent a large 
number of Wick contractions between the scalar fields. The Wick contraction is actually a 
double line in t'Hooft double line notation since the fields are in the adjoint representation 
of SU{N) and are N x N matrices. The genus of a diagram is the minimal of the genus of a 
Riemann surface where the diagram can be put on the Riemann surface without intersecting 
itself, but this is hard to visualize and it is more convenient to just count the power of N 
with the double line notation in the fat graphs. 

We also label each segment by a number. For convenience we label the segments of the 
operators on the top by numerical order. The labels of the segments of the the bottom 
operators are the same as the label of the corresponding segment on the top connected by 
Wick contraction. If two segments are both adjacent to each other in the same order in a 
top operator and in a bottom operator, we can always combine them into one segment. We 
remind the readers as an example that the segments 4 and 1 in the operator O:^^ ^ in the 
diagrams in Fig. [3] are considered adjacent because of the cyclicality of the trace operator. 
So we will always combine segments which are both adjacent on the top and the bottom 
in the same order into one segments and use the minimal number of labels for a diagram. 
With the labels we can denote the field theory diagram by a process. For example, we can 
denote the 3 diagrams Fig. [3] as 

F« : (1234)^(13)1(2)2(4)3, 
F« : (1234)^(13)2(2)1(4)3, 

fJ') : (1234)^(13)3(2)2(4)1 (3.3) 
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Here each trace operator is denoted by a chain of numbers, and because of the cychcahty of 
the trace operator, the chain of (1, 2, • • • , n) is equivalent to (n, 1, 2, • • • , n — 1). We also use 
a subscript to denote the operator when confusions may arise, for example the subscripts 
1,2,3 above denote the operators Oq\ Oq^, O^^. We call the processes above (3.3) the 
'short processes" which consist of a initial and final state. We will discuss in a moment how 
to extend a short process into a "long process" . 

These diagrams in Fig. [3] look non-planar but they are actually planar, or leading order 
contributions in the BMN limit J ^ y/N ^ +00. To see this for example for the first diagram 
whose contribution is F^^\ we can pull the read line represented by the operator Oq^ above 
O'Lr^jy^. Here for convenience we draw the incoming operators on the top and outgoing 
operators at the bottom . Of course the diagram would be also planar if we don't divide the 
operator Oq^ into two segments. The reason for the division is because the division into two 
segments make the diagram combinatorially dominant over the one without the division. 
And this is because each operator has a large number of fields proportional to J ^ \fN ^ we 
get to count an extra factor of J if we divide the operator into two segments. We note this 
is the most we can do. If we further divide the operator Oq^ into three segments, or divide 
another operator Oq^ or O^^ into two segments. The diagram would become non-planar 
and has less power of N ^ which is not sufficiently compensated by the extra combinatoric 
power of J ^ \fN . We will also explain another approach to determine the genus the field 
theory diagrams from the corresponding string diagrams, which we find more convenient. 

To compute the contributions F^'^ and F^^ in Fig. [sj we first count the combi- 

natorics without the scalar insertions. Let us look at F^^ for example. We need to choose 
the initial field in the traces oi Z or Z for the beginning of segments (1), (1), (2), (4) in the 
operators O'Lj^^^, Oq^ Oq^ and O'^^, so this contribute a factor JJ1J2J3. We also need to 
choose the beginning field for segment (3) in operator Oq^ which would contribute an extra 
factor of Ji. We note that there is an alternative diagram that we Wick contract Oq^ with 
the segment (4) in O^Lr^^r^ and O^^ with the segment (2) in O^Lr^^r^^ however this is identical 
to the original diagram if we cyclically rotate the segment (1) to (3). So we have already 
accounted for this case when we choose the beginning: field in O^^ to in one of Ji Z's, and 
don't need to consider it further. Next we put in the scalar insertions (j)^ and 0^. The scalar 
field (j)^ can be inserted into any position in Oq\ and the corresponding position of (j)^ in 
O^r^ ^ is fixed because we don't want the Wick contraction of the two (j)^ fields to introduce 
negative powers of N . Similarly we can put (jp' into any position in Oq^. Suppose the length 
of the segment (1) is /, we put the (j)^ field in position li in Oq\ and (jp' field in position I2 in 
Oq^, then the complex phase factor from O'Lj^^j^ would be exp(^^y^(/i — / — I2)) if (f)^ is in 
the segment (1), or exp(^^j^(/i + J2 — / — 12)) if (p^ is in the segment (3). We also note there 
are an extra factor of 1/J, 1/Ji and I/J2 for the normalization of the operators 0:{^ Oq^ 
and Oq^ comparing with the normalization in (2.7) because we have allowed the (j)^ fields 
to be at any position instead of fixing 0^ to be at the initial position of the trace using the 
cyclicality of trace in (2.7). Finally we also count the power of N. Since there is triple trace 
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operator here, we should have an extra factor of l/N'^ comparing with two point functions 
of two single trace operators for planar diagrams. Putting things together, we find 

^i'^ = ^2(7)^ EE E -"^^""'"'^^ + E E e^('^+^-'-'^)] (3.4) 

^ /=0 ^1=0 /2=0 h=l + l l2=0 



We take the BMN limit J ^ ^ vA^ ^ oc, and the sum become an integral in the BMN 
limit 

Jl— 1 «1 / /.y ^2 — 1 /»! 

V ^ Ji / dy, ^ ^1 / dyi, V ^ ^2 / dy2 (3.5) 

where we denote / = Jiy, li = Ji^i, and I2 = -^2^2- Denoting = y so that = 1 

and ^ = we can compute 



F« = ^xlx2xl I'dyiT dyi + e^^'^-' f'dyi) [\y2e 

^ Jo Jo Jy Jo 



27Tim[xi{yi-y)-X2y2] 



1 

— ~r A ^ q [2m7rxi(cos(27rmx2) — 1) 

+ sin(2m7rxi) + sin(2m7rx2) + sin(2m7rx3)] (3.6) 

Similarly we find 

F^^^ = Fi^\xi ^ X2) (3.7) 

The computation of Fg^^ is simpler because there is only one integral, and we find 

1 

Fo — — - — ^-^[sin(2m7rxi) + sin(2m7rx2) + sin(2m7rx3)] (3-8) 

Now we turn to the string diagram calculations. We mentioned that for each field theory 
diagram we associate a short process with it. The short process consists of an initial and 
final state. To extend the short process to a long process, we fill in the intermediate steps. 
In each step, we can cut one string into two strings, or join two strings into one string. For 
example, (1, 2, • • • , n) ^ (1, 2, • • • , z)(z + 1, • • • , n) is a process of cutting a string into two. 
We call the process a long process after we fill in the intermediate steps. For a short process 
there may be many long processed associated with it, and we will need to find all of them. 
For example, the short processes in (3.3) which represent the field theory diagrams in Fig. 
[3] can be extended to long processes as the following 

f[^^ : (1234) ^ (123)(4)3 ^ (31)1(2)2(4)3, 
(1234) ^ (341)(2)2 ^ (13)1(4)3(2)2, 

f!,^^ : (1234) ^ (123)(4)3 ^ (31)2(2)1(4)3, 
(1234) ^ (341)(2)i ^ (13)2(4)3(2)1, 

^3^') : (1234) ^ (123)(4)i ^ (31)3(2)2(4)1, 

(1234) ^ (341)(2)2 ^ (13)3(2)2(4)1 (3.9) 
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oi 



oi 




(1) 



^0 




(1) 




Figure 4: The string diagrams for (0:{^ ^Oq^Oq^O^^). We denote the contributions of the 
3 diagrams S^^^ . 



We note the ordering of the 3 strings in the final state are not important, also we have 
freely used the cyclicality in the cut and join processes (for example (13) = (31)). We see 
that for each short process there are two ways to fill in the intermediate steps and so there 
are two long processes associated to each short process. We also write the subscript for the 
string when it has reached the final state and no longer change in the subsequent steps. 

Now for each long process we can draw a diagram for it which we call the string diagram. 
We represent the cut or join process by a 3-string vertex exemplified in Fig. [l] The string 
diagram is constructed by pasting together the 3-string vertices. We notice that different 
long processes can map to the same string diagram. For example, the second long process 



in ^2^^ and the first long process in F^''^ map to the same string diagram, the first diagram 
s'y^ in Fig. [4] . Here it is the subscript that denotes the specific string and the labeling 
of segments is no longer distinguishable in the string diagrams. The string diagrams are 
depicted in Fig. [ij We want to make two further points: 1. The long process only tells us 
how the strings split and join, but contains no information about the scalar insertions that 
represent string excitations. When we draw the string diagram for a long process, we will 
need to look for all possible ways to put in the sting excitations consistent with the 3-string 



.(1) 



vertices in (3.1). 2. There are other more complicated ways to fill in the intermediate steps. 



but we only consider string diagrams of the lowest order. For example, we see here that the 
string diagrams are tree level, which means that the corresponding field theory diagrams 
are planar, and we will not need to consider one-loop string diagrams here. This also give 
a convenient way to count the genus of the field theory diagrams by simply looking at the 
number of loops in the corresponding string diagrams, which turns out to be much easier 
at higher genus. _ 

~ 



We denote the contributions of the 3 diae:rams in Fig. W^as5i'^ ^ S\ ■ We see from 



( |3.9[ ) that represents the second long process of ^2"*^^ and the first long process of ^3"*^^ 
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5^2^^ represents the second long process of F^^"^ and the second long process of ^3"*^^ 
finally S^"^ represents the first long process of F^^"^ and the first long process of ^2"*^^ 



and 



The string diagrams are computed by simply multiplying the 3-string vertices in (3.1), 



and sum up all possible intermediate states. Here the string theory is extremely simple and 
we do not need propagators between the vertices. For example, we can compute 5^^^ as the 
followings 



I cos(2m7rxi) — 1 



(3.10) 



Similarly for 



(1) _ \ cos(2m7rx2) - 1 



J 



(3.11) 



The calculation of ^3^^ is a little more complicated as we need to sum over all possible 
O'Ln'^n intermediate state 



(3.12) 



The sum is convergent and the summation formulae ( A.l ) and their derivatives in Appendix 
[A] are useful for doing the summation. 

We are now ready to state the factorization rule. For a string diagram S we count the 
number of its appearance in long processes associated with the short process of each field 
theory diagram F, and we call it the multiplicity of the string diagram S with respect to 
the field theory diagram F. For example, the multiplicity of sj^^ is with respect to F^^\ 
and 1 with respect to ^2^^ and F^^\ Then the contribution of a string diagram is the sum 
of all field theory diagrams contributions weighted by the multiplicities. So for sj^^ the 
factorization relation is 



(1) 



(3.13) 



This is easily verified using (3.10, 3.7, 3.8). Similarly we also verify the factorization for 

c(l) c(l) 
'-'2 ' '-'3 



(1) 
2 

(1) 



(1) 

B 



(3.14) 



We can then write the total contributions to the correlator as 



planar 



(1) 



(3.15) 
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It may be illuminating to perform the sum in (3.12) with the integral form of the 3-string 
vertex (3.2), and we can use the summation formula involving the delta function (A.4) to 
perform the sum first before the integrals. We find (3.12) becomes 

2 1 rl rl rl rl 



= ^xiX2X^{l - xs) I dyi I dy2 [ dys [ dy^e^ 
J Jo Jo Jo Jo 

+ 00 



-L S{yi-y2 + - ys^-. y^-k)] (3.16) 

^ 1- xs I- Xs 

k=—oo 

The delta function should be treated with cares. Since xi -\- X2 -\- xs = 1, we see < 
Tz^ys + jz^y4: < I5 ^iid we discuss two regions for the y2 integration domain 

• If < < j^ys + T^y4, then -1< y2 - j^ya - i^y4 < 0. The delta function 
fixes yi = 2/2 - jz^ys - jz^y4 + 1 with A; = 1 in the sum. 

• If T^k^s + jz^y^ < y2 < 1, then < y2 - jz^ys - jz^y^ < 1- The delta function 
fixes yi — y2 — jz^ys — T&—y4 with = in the sum. 

We plug in the values of yi fixed by the delta function and also integrate the y2 variable 
which no longer appears in the integrand. We find 

2 1 /*! 
= ^xiX2xl / dys / d^4e2^^^(^i^3+^2y4) 

J Jo Jo 

X [e-2--(i--3)(^^^3 + ^21/4) + xi(l - ys) + X2{1 - y4)] (3.17) 



This integral can be identified with those of F^^\ F^^"^ in (|3.6||3.7[) without evaluating them 



completely explicitly. To see this we first need to change the integration variables in (3.6) 
to ^4 = 1 - y2, and ys = yi - y if yi > y or ys = I + yi - y ii yi < y. We also integrate the 
remaining variable which does not appear in the integrand. The integral for F^^"^ becomes 

2 1 /*! /*! 

f[^^^^xIx2xI dys dy4e^^^^(^^^^+^^^^)[e-2^^^(^"^^V3 + (1-2/3)] (3.18) 
J Jo Jo 

Similarly, 

^2^1) = ^xixlxl / dys / d^4e2^^^(^i^3+^2^4)[e-2^^^(i-^3)y4 + (1 - y4)] (3.19) 
J Jo Jo 

Now we can see the factorization relation S^"^ = F^^"^ + ^2"*^^ without the need to evaluating 
the integrals. In Section 5.2 we will study in more details this method of summing over 
intermediate string modes using (A.4) with the integral form (3.2) of 3-string vertex in the 
case of torus correlator of two single trace operators. We will see that the dissection of the 
integration domain is quite tricky in higher genus. In most parts of the paper we will use the 
more straightforward methods of direct computations to check the factorization relation. 
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01 




Figure 5: The field theory diagrams for {Oi^ mO-n vP'^'^O^'')- We denote the contributions 
of the 3 diagrams Ff\ pf^. 

3.1.2 Case two: {Oi^,^0\^0-'-0'^) 

The computations for {Oi^^O\^0'^'^0'^^) are similar to the previous case but a little 
more complicated since there are two stringy operators. The field theory diagrams are 
listed in Fig. ^ Again we denote = ^, and we find 



^(2) x^xl X3 sin(27rmxi) + sin(27rmx2) + sin(27rmx3) 

^ J 2Ti'^{n — mxiY Ti{n — mxi) 

+2 — cos(27rmx2) — cos(27rmx3)] 

.(2) _ qIAJJ 1 - cos(2^mxi) 

2 - J ^1^2 ^3 2^^{n-mxiY 

.(2) _ dlAAJ 1 - cos(2^mxi) 

3 ~ J -^1-^2 -^3 



(3.20) 
(3.21) 

The string diagrams for {0'Lr^^r^O^_}^.^0'^'^0'^^) is depicted in Fig. |6j We can compute 
the contribution of each diagram 



9^ % t xi/ . 1 — cos(27rmxi) 

= -rXl (X2X3) 2 (X2 + X3) —^7 

00 

k=—oo 
00 

= E (0^^,^O^^J0^3)(o;/-Jo^^„^„0^^) 



(3.23) 
(3.24) 

(3.25) 



The derivation of the multiphcity of the string diagrams with respect to the field theory 



diagrams is the same as in the previous case. For (3.24, 3.25) we need to perform the sum 



16 






^2 



Figure 6: The string diagrams for {Oi^^Oi^^^O^^O^^). We denote the contributions of 
the 3 diagrams s[^\ S^^\ sf\ 



using the summation formulae in Appendix [A} Similar to the previous case, one can perform 
the sum either directly using the derivatives of ( |A.l ), or using (A.4) with the integral form 



(3.2) of 3-string vertex. We verify the factorization relations 



5f) 




+ Ff 


o(2) 


= Ff ) 


+ Ff 






+ Ff 



Similar the previous case, we can write the correlator as 



(3.26) 



(3.27) 



3.2 Correlators between two double trace operators 

This correlator is very similar to the 2^2 scattering process familiar in the collider physics. 
The tree level string diagrams can be similarly classified as the 5, T, U channels. Surpris- 
ingly, we discover a subtlety for the factorization rule. We will find that the factorization 
breaks down for the S channel, while still holds for the T, U channels. To illustrate the 
point, let us consider three cases. 

3.2.1 Case one: {O^^O^^O^^O^^) 

This is the correlator of the vacuum operators, and it is implicit that Ji + J4 = J2 ^ J?>- 
Without loss of generality we assume Ji > J2 > J3 > J4. At planar level there are two 
field theory diagrams, depicted in Fig. [7| Again similar to previous cases, these diagrams 
look non-planar but are actually planar if we rearrange the operators. We have divided 
the operators into a maximal number of segments without violating planarity to obtain 



17 




Figure 7: The field theory diagrams for {O^^O^^O^'^O^^). We denote the contributions of 
the 2 diagrams F!f^ respectively. 

the combinatorially most dominant diagrams. We will also see the corresponding string 
diagrams are tree level. 

We denote J — Ji + J4 = J2 + Js, and Xi — ^. To count the combinatorics of the 
diagrams in Fig. [7| we need to choose the beginning point for each of the operators, which 
contributes a factor of Ji Then for the longest operator O^^ we also need to fix a 

beginning point for segment (3), which contribute a factor Ji — J2 for the first diagram, 



and a factor of Ji — J3 for the second one. We use the normalization for operators in (2.7), 
and since each double trace operator contributes a negative power of N ^ we should have a 
total power of l/N'^ for each diagram. So the contributions of the diagrams are 

= A.2^rj^j^ =-{x,x,xsx,)Hxi-x,) (3.28) 

(3) ^ ^^'^/f;^fV/^^^^(x,x.X3X4)^(x:-x^ (3.29) 
N'^^/ J1J2J3J4 J 

The string diagrams are depicted in Fig. jSl It is simple to compute them using the 



3-string vertex in (3.1). We find 



2 

S^^ = — r(xiX2X3X4)2 (xi — X2) (3.30) 
fJ 
2 

3^2"^ = y (xiX2X3X4)^(xi - X3) (3.31) 
2 

Sf^ = ^{xiX2Xzxa)^2 (3.32) 
To count the multiplicity of the string diagrams. We expend the short process of the 
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Figure 8: The string diagrams for {O^O *0 "^O^) . We denote the contributions of the 3 

(3) (3) (3) 

diagrams Si, S2 , S^' respectively. The 3 diagrams represent the T, U, S channels in 
2 — )■ 2 scattering. 



field theory diagrams into long processes as the foUowings 

) : (123)1(4)4 ^ (1)2(23)(4)4 ^ (1)2(324)3 

(123)1(4)4 ^ (3124) ^ (1)2(243)3 (3.33) 

) : (123)1(4)4 ^ (1)3(23)(4)4 ^ (1)3(324)2 

(123)1(4)4 ^ (3124) ^ (1)3(243)2 (3.34) 

(3) ... . (3) 

We find the string diagram S\ has a multiplicity of 1 with respect to F-^ , the string 

(3) (3) (3) 

diagram ^2 has a multiplicity of 1 with respect to , and the string diagram has 

(3) (3) (3) (3) 

the multiplicities of 1 with respect to both F-^ ' and F^ . We find that for S\ and , 
which represent the T and U channels of the 2^2 scattering, the factorization relation 
holds, namely 

5^(3) ^ ^(3) 

Sf = F^ (3.35) 

(3) 

However, we find that the factorization breaks down for the S-channel process . It is 
easy to see 

^(3) ^ ^^(3) +^^(3) ^3^3g^ 

The total contribution to the correlator is 

(0^1(5^4 O^^O^^) = ^ + ^2^^^ = 5f ^ + S^^^ (3.37) 
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Figure 9: The field theory diagrams for {O^^Oi^^^^O^^^O^^^) (Ji > J2 > Js > J4 )• We 

denote the contributions of the 2 
to give vanishing contributions. 



denote the contributions of the 2 diagrams F^^^^ , ^2^^ respectively. These diagrams turn out 



3.2.2 Case two: {O^^Oi'^^^O^'O^') (Ji > J2 > J3 > J4) 

We discuss an example where the S-channel factorization breaks down quite dramatically. 
We draw the field theory diagrams for (O^^O;^^^ ,^Oq^Oq^) in Fig. [oj These diagrams are 
structurally the same as those of vacuum operators in Fig. [7[ and we only need to insert 
scalar excitations into the trace operators. But since we assume the stringy operator with 
two scaler insertions ^ is the shortest, either Oq^ or Oq^ has no Wick contraction with 
O'^^^. So it is impossible to put in the scalar insertions without violating planarity and 
these diagrams actually vanish 

F^^^) = 0, F^^^ = (3.38) 

Consequently the correlator also vanishes (O'^^O^^^^Oq^Oq^) = 

We look at the string diagrams. The longest operator is O^^ , but it has no scalar insertion 
so it can not decay to Oq^ or Oq^. So the T, U channels are impossible and we are left only 



with the S-channel contribution S^^"^ depicted in Fig. 10 The vanishing of the T, U channels 



is consistent with the factorization rules since the field theory diagram contributions vanish 



(3.38). The factorization rules would require the S-channel contribution also vanish. But 



this is not true, as we can calculate 

+00 

5(4) = iO''Oi'^^^0%''){0%''0',^0',^) (3.39) 

k=—oo 

But the 3-string vertices have definite signs {O'^^Oi^^O'!}^^^) > 0, {Oi'^^^OQ^^OQ^) < 0, 
and these vertices are not zero for k^O. So it must be S'(^) < 0, and we see quite explicitly 
the factorization does not hold for the S-channel string diagram. 
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^0 



Figure 10: The string diagram for (O^^O^^^ ^^Oq^Oq^) (Ji > J2 > J3 > J4 )• This is the 
only non- vanishing S-channel diagram, which we denote S^'^\ 



3.2.3 Case three: {Oi'^^^O-^^O^^O-^^) (Ji > J2 > J3 > J4) 

Finahy, let us consider an example where the T, U channels factorization are less trivial 



than the previous cases. The field theory diagrams are depicted in Fig. [TT] The counting 
of the combinatorics is the same as that of the vacuum operators depicted in Fig. [7| and 
we just need to put in scalar insertions. Denoting again J = Ji + J4 = J2 + J3, and x. 
we compute the diagrams as the followings 

.2.3. rl 



J ' 



(xiX2)2(x3X4)2(xi - X2)- 



1 





cos(2^(^ 



J ./n Jo 



-n)y2 



n)) 



2iT'^{mx2 — nxiY 



(3.40) 



(5) 

For ^2 the calculations are more involved 



,(5) 



J 



(X1X2) 2(x3X4)2(xi - X3)' 



Jo 



dy 



, X 27ri(xi-X3)(^-^)2/il2 

dyi + / dyi)e ^ ^^^1 ^2^^'\^ 
Jy 

(X1X2)2(X3X4)2 

— -— ^- -^{yrfnxi — mx2){xi — xs)[2 — cosfimyr 

J ZTr-^^nxi — mx2r 



+xiX2[sin(2n7r 



Xl 



— ) — cos(2n7r )J 

Xl X2 

, . xs . -X3) + mx2X3... 
) + sm(2m7r — ) - sm(27r ^ )J| (3.41) 

X2 Xl X1X2 



Now we consider the string diagrams, depicted in Fig. 12, Since we have learned the 
S-channel factorization does not hold, here we only compute the T, U channels contributions 
denoted by 5) , • The computation of ^ is quite simple 



(3.42) 
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0-™,^ O'' o-'^ O'X 

1 2 3 4 1 2 3 4 




Figure 11: The field theory diagrams for {0-!}m,7nO-^^0\„0'^^) (Ji > J2 > J3 > Ji )• We 
denote the contributions of the 2 diagrams , ^2 respectively. 




Figure 12: The string diagrams for {Oi'^^^O-^^Oi^^O-^^) (Ji > J2 > J3 > J4 )• We denote 
the contributions of the 2 diagrams 5^^^ respectively. 
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So using the 3-string vertex formulae (3.1) we can easily see 



5f) = Ff\ (3.43) 

(5) 

consistent with the factorization rules. We perform the sum in and check the agreement 



with (3.41) required by the factorization rules 

+ CX) 

5f = J2 {Oi\^0'-OiX^^){0'X^^O-'^0\^)^Ff^ (3.44) 

k=—oo 

The total contributions to the correlator is 

{Oi\^0''0\^0'^) = ) + Ff = Sf^ + 5f (3.45) 

The lesson of these exercises is that the factorization rules break down for the S-channel, 
but hold for the T, U channels. This happens probably due to the fact that both initial 
and final states are multi-string states, and the combining of the strings in the intermediate 
steps is not captured by the field theory calculations. From now on, to avoid this subtlety 
we will without loss of generality focus on the cases that the initial state is a single string, 
or a single trace operator in the field theory side. 



4 Factorizations and recursion relations: the precise rules 

We have seen how the factorization worked in some examples, and we find that the fac- 
torization relations are non-trivial even for the tree level processes. We should now give 
some precise descriptions on the terminologies and the rules of the factorization property 
for general correlators at any genus level. To avoid the problem for the S-channel of 2 ^ 2 
process, we should consider only two-point correlators where at least one operator is a single 
trace operator, or a single string state. We consider a general correlator (O1O2) where Oi 
is a single trace BMN operator, and O2 could be single trace or multi-trace. The operators 
Oi, O2 are constructed by inserting scalar fields 0^ in the strings of Z's with correspond- 
ing BMN phases. We denote the corresponding vacuum operators 0\^^'^'^^ — Tr(Z^), 
Qvacuum ^ Tr(Z^i )Tr(Z^2 ) . . . Tr(Z^-) and it is implicit that J = Ji + J2 + • • • J^- The 
derivations of the factorization rules for the correlator at genus h follow three steps. 

4.1 Constructing the field theory diagrams 

First we should construct the field theory diagrams for the correlator of the vacuum opera- 
tors I^O^(^^^^0^(^^^^Y We should divide each strings of Z's in the traces into several parts 
which we call segments. A segment consists of a large number of Z's. There should be equal 
number of segments in 0|«cwwm Qvacuum^ rpj^^ Wick contraction connects the Z's in 

Qvacuum ^j^j^ ^j^g ^'g Qvacuum ^ connccts cach Segment in O^^^cwwm ^j^j^ segment in 
Qvacuum^ If two Segments are adjacent to each others in O^^cwwm their Wick contracted 
counterparts in O^^cuwm ^^so adjacent in the same order, then we can combine them 
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into one segment. We will always combine these unnecessary adjacent segments and we 
call the resulting diagram irreducible. Each segment in an irreducible diagram generates 
a combinatorial factor of J ^ y/N ^ oc, so we will only need to consider those diagrams 
with maximal numbers of segments at genus h. Since it is well known in large N field 
theory that each additional genus generates a power of and non-planar diagrams in 

the BMN sector are perturbative in the powers of ^ = we should expect to introduce 4 
more segments for each additional genus. 

For each diagram we can write a short process as the followings. We label the segments 
in O^^cuwm numerical order as 1, 2, • • • / . Then we also put the same label on the segment 
in O^^cwum connected to d^^^^^ by Wick contraction. Then each trace operator becomes 
a finite chain of numbers (aia2 • • • )i, where i = 1, 2, • • • , n denote the trace operators in 
Qvacuum^ So a short process can be written as 

(12 • • • /) ^ (ai,iai,2 • • • )l(tt2,ia2,2 • • • )2 • • • {cin,lCin,2 ' ' ' )n (4.1) 

for O^^cwwm ^ 72-trace operator. Here the a^j's is a permutation of 12 • • • /, and each chain 
of numbers is considered to cyclic. As we mention we always combine unnecessary adjacent 
segments. The short processes are in one to one correspondence with the field theory 
diagrams. 

Now we can put the scalar insertions into the trace operators. The scalars are inserted 
by pairs into both O]^^^^^^ and Q"^^^^^ and along the lines of the Wick contraction to 
preserve the genus of the diagrams. We sum over all these insertions with appropriate BMN 
phases to compute the contribution of a diagram to the correlator (O1O2). We denote the 
contribution Fj, where j labels the field theory diagram, or a short process. 

4.2 Constructing the string diagrams 

Similar to the field theory case, we first construct the string diagrams for the correlator of the 
vacuum operators ^(9|«cwwmQ^acwwm\^^ which for convenience we call the vacuum diagram. 
The string diagrams are constructed by pasting the 3-string vertices, and for the vacuum 
operators we only need the first vertex in (3.1). The first diagram in Fig. [l] depicts the 



vacuum string splitting vertex, and the string joining vertex is obtained by just reversing 
the arrows. We note the light cone momentum of the string states (which is proportional 
to the number of Z fields in the BMN operators, and which we sometimes refer to as the 
length of the operator or the corresponding string and it goes like \fN ^ oc in the BMN 
limit) is conserved by the string vertex. Each edge in a string diagram is represented by 
an operator propagating from one vertex to another, and we draw an arrow to denote 
the direction of propagation. We will draw an incoming arrow for O^^cwwm outgoing 
arrows for each trace in O^^cwwm ^j^j^.]^ ^^^^ external edges of the string diagrams. We will 
distinguish between diagrams with different arrow directions on the edges. For a correlator 
at genus /i, we will consider string diagrams with h loops. The number of string loops 
is /i = ^^^^^ + I5 where y, are the numbers of vertices and external edges. Since there 
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are only cubic vertices in the string diagrams, we also have the formula for the number of 
vertices 3V — E ^21 where / is the number of internal edges. 

We note that we only consider connected string diagrams, however unlike the calcula- 
tions of Feynman diagrams in conventional quantum field theory, we will need to calculate 
the un-amputated diagrams as well, i.e., the string diagrams do not need to be "one-particle 
irreducible" . One special point to note is that in any parts of the string diagrams, we do 
not allow the arrow directions to form a closed loop. This kind of diagrams might not 
violate momentum conservation, but the operators propagating in the closed loop can have 
arbitrarily large number of Z fields and make the contribution of diagram diverge. For 
example, the situations depicted in Fig|T3] are not allowed. We also note that a string 
diagram must have at least 2 external edges with both incoming and outgoing arrows, i.e. 
the "vacuum bubble" and "tadpole" diagrams are not possible. To see this point, we first 
note the conservation of light cone momentum of the string states rules out string diagrams 
with only incoming (or outgoing) external edges. For the vacuum bubble diagram, we can 
start from a vertex and move around the diagram following the arrow direction. This is 
always possible since there are only 2 types of string vertices, namely the joining vertex with 
two incoming and one outgoing arrows, and the splitting vertex with two outgoing and one 
incoming arrows. The path will eventually intersects itself and forms a closed loop if the 
string diagram is finite with no outgoing external edge, and as we mentioned a closed loop 
of arrows is not allowed. Another consequence of the light cone momentum conservation 
and the rule of no closed loop of arrows is that no operator in the internal edges of a string 
diagram can be longer than the sum of the lengths of all outgoing operators (or equivalently 
all incoming operators). Otherwise this operator must have some numbers of Z fields in the 
trace which are not present in the outgoing operators. We start from this longest operator 
and move around the string diagrams following the arrow direction that keeps those Z fields 
which are not in the outgoing operators. Since we can always keep some of these Z fields 
which can not go to an outgoing external edge, the path must eventually intersects itself 
and form a closed loop. It is reassuring that we will see later this kind of situations will not 
appear in the correspondence with field theory diagrams. 

The next step is to decorate the vacuum diagrams with scalar excitations. When dec- 
orating the vacuum operators on the edge of the diagram with scalars, we make sure the 
vertices are still valid. The string vertices up to two scalar insertions are described in (3.1), 
and we will only need to use these vertices if the operator Oi has no more than 2 scalar 
insertions. The same vacuum diagram could have many different decorations. The contribu- 
tion of a string diagram is then computed by simply multiplying the vertices and summing 
over all possible ways of distributing the lengths of the intermediate trace operators. 

We note that a string state is characterized only by its length and string modes, in 
terms of the number of Z fields and scalar insertions in the corresponding BMN operator. 
When we compute the contribution of a string diagram, we need to be careful in summing 
only different processes. For example, when we consider the one-loop string propagation 
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Figure 13: Examples of string diagrams not allowed because the arrows form a close loop. 
The diagram in lower left has a "tadpole" part so it also violates momentum conservation. 



diagram in Fig. [16] in the next section, we see that in the undecorated vacuum string 
diagram, the string can split into (9^-^(9(1-^)-^^ while the excited state can split like 

O'Lr^r^ Oq'^O'q or 0^j^y,0^^~^^'^ . For the vacuum diagram, we only need to sum 

'1 

over states with the integral Jdx, since the switch x -> 1 — x gives the same process. 
But for the decorated string diagrams, we need to integrate Jdx^ since the two smaller 
operators are distinguished by their scalar insertions. 

Two string diagrams are said to be the same shape if they are the decorations of the same 
vacuum diagram. We group the string diagrams of the same shape together. We denote 
their total contribution Si where i labels the undecorated diagram of vacuum operators, or 
a group of string diagrams with the same shape. 

4.3 Determine the multiplicity and factorization relations 

A short process consists of only an initial and a final state. We can extend a short process 
into a long process by filling in the intermediate steps. In each step we can either split a 
string into two strings or joining two strings into one. If the final state is a multi-string 
state, we use a subscript to denote the string once it has reached the final state and no 
longer changes. Since each step is a string splitting or joining process, we see that for a 
long process we can draw a string diagram of vacuum operators, or an undecorated string 
diagram. We note that the string diagrams no longer contain information about the labeling 
of the segments of strings, so different long processes can map to the same string diagram. 
For example, in our calculations of the correlator (0:{^ ,^0q^0q^0^2) in Sec. [sj we find two 
long processes (1234) ^ (341)(2)i ^ (13)2(4)3(2)1 and (1234) ^ (123)(4)i ^ (31)3(2)2(4)1 
correspond to the same string diagram, the first diagram in Fig. |4j 

A genus h field theory diagram can be always extended into a long process that maps to 
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an undecorated vacuum string diagram of h loops. We will only consider string diagrams 
of minimal number of loops. This is an alternative ways of determining the genus of a field 
theory diagram by counting the minimal number of loops in the corresponding long process 
and (undecorated) string diagram, which seems less cumbersome than counting the power 
of N in t'Hoof double line notation in field theory. 

It is easy to see the forbidden examples of string diagrams depicted in Fig. [13] can not 
appear when we extend a short process into a long process, because we can only combine 
and split strings already in the process. The first operator among a hypothetical closed 
loop of arrows to appear in a long process would have no where to come from. 

Each short process may be extended into many long processes. We denote as rriij the 
number of appearance of an undecorated vacuum string diagram i in the long processes 
associated with a short process j, and we call it the multiplicity of string diagrams of shape 
i with respect to field theory diagram j, which is a non-negative integer by definition. Then 
the statement of the factorization is the relation 



2_^rnijFj, for any i (4.2) 



We call it the factorization relation because in matrix form, the right hand side of the above 
equation is a product of two matrices. The factorization relation expresses the contributions 
of the string diagrams of the same shapes in terms of field theory diagrams. The reverse 
is not necessarily true. However, we find the total contributions are always proportional, 
namely, 

J2Si^mJ2Fj, (4.3) 

i 3 

where m = for any j. We can write the total contributions to the correlator at 

genus h as 

(Oi02)ge„us h= ^Fj = ^J2^i (4-4) 

3 i 

Since the string diagrams are constructed by 3-string vertices, which are correlators of a 
single trace BMN operator with a double trace BMN operator, we see that the factorization 
induces recursion relations among the BMN correlators. We depict the logic between various 



components in the construction in Fig. 14 



In the above constructions, we derive the multiplicity of string diagrams starting from 
field theory diagrams. One can also do this in reverse, and constructs the long processes 
associated with a string diagram to determine the multiplicity. To do this, we start with a 
string (1, 2, • • • , n) and perform the splitting and joining operations according to a string 
diagram, and keep those long processes whose end states are irreducible from combining 
segments. Actually this is much more convenient at higher genus as we will see that the 
number of field theory diagrams becomes much larger than that of the string diagrams at 
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Short Processes 



Extend 



I 



Long Processes 



Draw 



Field theory 
Diagrams 



Vacuum String 

Diagrams 
(undecorated) 



Decorate 



^ String Diagrams 



Figure 14: The logic between various components in the construction of factorization rules. 
Here the bidirectional arrow denotes the one-to-one correspondence between field theory 
diagrams and the short processes. The extension of short processes to long processes and the 
decoration are one-to-many operations, while the map from long processes to undecorated 
string diagrams is a many-to-one operation. 

large genus. But we need to be careful of some redundant counting when the final state 
is a multi-string state. To illustrate, we consider the first string diagram S^"^ in Fig. ^ in 
Section [3] as an example. Denoting the initial state as (1234), we can actually produce 8 
long processes according to the string diagrams as the followings 



1. 


(1234) 


-> 


(234)(l)i 


-> 


(24)2(3)3(1)1 


2. 


(1234) 


-> 


(234)(l)i 


-> 


(24)3(3)2(1)1 


3. 


(1234) 


-> 


(134)(2)i 


-> 


(13)2(4)3(2)1 


4. 


(1234) 


-> 


(134)(2)i 


-> 


(13)3(4)2(2)1 


5. 


(1234) 


-> 


(124)(3)i 


-> 


(24)2(1)3(3)1 


6. 


(1234) 


-> 


(124)(3)i 


-> 


(24)3(1)2(3)1 


7. 


(1234) 


-> 


(123)(4)i 


-> 


(13)2(2)3(4)1 


8. 


(1234) 


-> 


(123)(4)i 


-> 


(13)3(2)2(4)1 



(4.5) 

We note that a process such as (1234) (234)(l)i (23)2(4)3(1)1 is reducible because 
we can combine segments (23) together, so it is not admissible. But out of the above 8 
irreducible processes ( |4.5[ ), we find only the final states of the 3rd and 8th processes can 
be identified with those of the field theory diagrams ^2^^ and Fg^^ in Fig. sj What about 
the other processes? The final states of the other processes could be also identified with 
those of ^2^^^ or F^'^^ if we cyclically rotate the initial state. For example, the final state 



of the first process in (|4.5|) above could be identified with that of ^2^^ if we relabehng the 



initial state as (2341) instead of (1234). There are n cyclic rotations for a n-segment initial 
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0' 





Figure 15: The torus correlator of {O'^ 
denote its contribution F^^^. 



Qj N 



torus- This is the only diagram and we 



state, but they are reahy the same state. We actually have already taken account for these 
contributions when we compute the field theory diagrams so we don't have to count them 
again. So in this example we only need to look at the 3rd and 8th processes whose final 
states can be exactly identified with the field theory diagrams ^2^^ and ^3^^ and disregard 
the other processes. Of course this issue will not appear when the final state is also a single 
string state because a cyclic rotation of the initial state has the same effect as that of the 
final state in opposite direction. 



5 Higher genus BMN correlators 



We now test the factorization relation (4.2) for higher genus BMN correlators. We discuss 
several cases. 



5.1 Torus correlator between two single trace operators 

This case describes the one loop string propagation process, and has been considered in 
[6]. We include it here for completeness. We consider the correlator between two BMN 
operators {O'L^ ^O'L^ n)toTns- For genus one the single trace operator can be divided into 



at most 4 segments. The field theory diagram is depicted in Fig. 15, and the corresponding 
short process 

(1234) ^ (2143) (5.1) 
This is the only short process for the correlator. We note that one may also write e.g. a 



short process (1234) (1432), but it is equivalent to (5.1) due to the cyclicality of the 
trace. The calculations of the correlator are first done e.g. in [17j, and results are 
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Decorate , 





Figure 16: The string diagrams of {O'L^ ^O^L^ n)toTns- We start with diagram of vacuum 
operators and decorate it with scalar excitations. We denote the contributions of the two 
decorated diagrams sj^^ and 5^2^^ and their total contributions S^^\ 



J Qj 



7T,,7T,/ torus 



(5.2) 



= < 



91 
24' 

0, 



1 I 7 > 
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One can also calculate this result using matrix model method [21j. Some contributions 
from the connected diagrams in matrix models can be organized into generating functions 
known as resolvents in matrix models, which can be computed using loop equations in 
matrix model [23j. The loop equations provide recursion relations for the resolvents in 
matrix models, but they seem very different from the factorization relations studied here 
in this paper. Nevertheless it would be interesting to investigate whether there are some 
connections between these relations. 



m = n = 0; 
m = 0, n 7^ 0, 
or n = 0, m 7^ 0; 
m = n 7^ 0; 
m = —n ^ 0; 
all other cases 



The string diagrams are drawn in Fig. [16) There is only one undecorated diagram 
of vacuum operators, from which we generate two decorated string diagrams of the same 
shape. To derive its multiplicity, we extend the short process into long processes, and we 
find there are two ways of extension 



(1234) 
(1234) 



(12)(34) 
(41)(23) 



(2143) 
(1432) 



(5.3) 



where we have freely used the cyclicality of the strings. So we find the multiplicity of the 
only (undecorated) string diagram is 2. We also note that in the first decorated diagram 
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sj^^ the two operators Oq^ and Oq^ have different scalar insertions (f)^ and 0^, so the range 



Jl can go from to J. Using the vertex formulae (3.1), the contributions of decorated 
diagrams are computed as 



J 

^1 ~ (Q-m,mQo^Qo ^ ) planar (Oq^Oq ^ Ol^ri^ri)plan 

Ji=0 

2 ^ sin^(m7rx) sin^(n7rx) 
Jo 



g / dx ^ ^ ^ ^ 

777/ ^ '^^ ^ 

J +00 



= E E (0:^^,^0:!^,^,0^^)pianar(0^^,,,0^^0^,,jpianar (5.4) 
Ji=0 k=—oo 



3 sin (myrx) sin (nvrx) 



Performing the sums and integrals we check the factorization relation 

5(6) = 5f) + 5f = 2F(6) (5.5) 
Surprisingly, two additional identities similar to the factorization relation (5.5) were 



pointed out in [18j, and one of which involves field theory one-loop corrections to the cor- 
relator {O'Ljn ^O'Ln ^) torus- Thcsc two identities involve only the second decorated diagram 



in Fig. 16, and amount to putting a weight of ^ or (j^)^ to the propagating edge of the 
operator O'^j^j^. It is clearly interesting to see whether it is possible to generalize these 
additional relations to higher genus, and to generalize the factorization rules we propose in 
Sec. IHto include them. 

5.2 One loop string calculations with integral form of the vertex 

In the previous section we check the factorization relation for one loop string propagation 
by direct computations. But it seems a little mysterious how the factorization works, and 



it is not quite satisfying that we have to check each of the 5 cases in (5.2) separately. Here 



we provide a more illuminating and more unifying derivation by reducing the integrals into 



sums of some standard integrals (B.l), which were used in [17j to calculate the higher genus 
correlators of 2 single trace operators. We provide some descriptions of the approach in 
Appendix |Bj 

For the genus one case, the correlator can be written as a sum of 5 standard integrals 



(B.l) as the followings 

F^^^ = ^2[/(i,5)(2^i(m - n), 0) + /(i,5)(-2^z(m - n), 0) + /(2,2,2)(2^^^, 2^m, 0) 

+/(2,2,2)(~27rzm, — 27rm, 0) + ^(2,1,1,2) (27rz(m — n), 27rzm, — 27rzn, 0)], (5.6) 



We note that the integral (B.l) is invariant if we add an integer multiple of 27rz to the all 



the arguments. When some arguments in the standard integrals are identical, we need to 



31 



combine them according to (B.2) before we can use (B.4, B.5) to compute them. Here the 



degeneracy happens when some of the m, n, m — n or m + n vanish. 



We then calculate the string diagram contributions (5.4) using the integral form of 



the vertices (3.2). To reduce the contributions to the standard integrals (B.l), we need to 
carefully dissect the multi-dimensional integration domain and perform some tricky changes 
the integration variables, so that in each sector, the integration domain can be identified 
with that of a standard integral. For the first diagram we find 

5f ) = r dx{ r dyidyie^^'^'^y^-''y^^){ C d^2dy2e"^^^(^^^"^^2)) (5.7) 

Jo Jo Jx 

We discuss several situations separately in the followings. 

1. yi < yi, y2 < We change variables as zi = yi,Z2 = ^1-^1,2:3 = x-yi, 2:4 = y2-x, 
^5 — y2 — y2i ^6 — ^ — y2- Then the contribution becomes 



JO • 1 



i [ (m - n) ( +2^6 )- 722:2 +m2;5 ] 

— ^^^(2,1,1,2) (27rz(m — n), 27vim^ — 27rzn, 0) (5-8) 

2. yi < yi, y2 < y2- We change variables as zi = yi,Z2 = yi-yi, zs = x-^i, 2:4 = m-x, 
— y2 — y2^ — 1 — y2. Then the contribution becomes 



^'^2 = 9^ I dzi'" dz^diS^ Zi - 1; 

^0 ^=l 



^TTi[{m-n){zi+ZQ)-n{z2+z^)] 



^^^(2,2,2) (2vrz(m - n), -27rm,0) 

J2 



= 9 /(2,2,2)(2vrzm,27rm,0) (5.9) 

3. yi < yi, y2 < We change variables as zi = yi,Z2 = yi-yi, zs = x-yi, 2:4 = y2-x, 
z^ — y2 — y2^ zq — 1 — y2. Then the contribution becomes 



nl 6 

Sfl = 9^ I dzi'" dzQ5(S2 Zi - l)e 
^0 ^=l 



2TTi[(rn-n){zi+ZQ)+rn{z2+z^)] 



= ^^^(2,2,2) (2vrz(m - n), 27rzm, 0) 

^(2,2,2) 



^^^(2,2,2) (-2^im, -2^m,0) (5.10) 



4. yi < yi, y2 < y2- We change variables as zi = yi,Z2 = yi-yi,zs = x-yi, 2:4 = m-x, 
z^ — y2 — y2i zq — 1 — y2. Then the contribution becomes 

pi 6 
Sfl = dzi--- dZG6{y2 Z, - l)e^^^[{m-n){z,+z,)+mz2-nz,] 

^0 ^=l 

— ^^^(2,1,1,2) (2vrz(m — n), 27vim, — 27rzn, 0) (5.11) 
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Summing up together the contributions, we find 

0(6) _ M6) , M6) , M6) , M6) 



= 9^ [^2,2,2) (27rzm, 27rzn, 0) + /(2,2,2) (-27rzm, -27rzn, 0) 

+2/(2,1,1,2) (27rz(m ~ 27rzm, — 27rzn, 0)] (5.12) 



For the second diagram 5^2^^ we write the formula in (5.4) using the integral form of the 



vertices and perform the summation over string mode using the summation formula (A.4). 
The result is 

= C {I - x)dx r dyidy2dy^dy^e^^'^'^^y'-^^^ 
Jo Jo 

00 

X X] ^(^1 - ^2 + 2/3 - 2/4 - M (5.13) 

k=—oo 

We should integrate yi to cancel the delta function. Since —x < 2/2 — 2/3 + 2/4 < 2x, we 
discuss several cases as the followings. 

1. —X < 2/2 — 2/3 + 2/4 < 0- The integral of yi over the delta function fixes 2/1 = 2/2 — 
2/3 + 2/4 + ^- We change variables zi =2/2, ^2 — 1/4^ ^3 — x — ys, such that < 
^1 5 ^2 5 ^3 5 ^1 + ^2 + ^3 < ^- Then we can also further change variable Z4 = x — zi—Z2 — zs 
such that < 2:4 < X. Furthermore, we can write 1 — x — ^ dzs, and — l — x — z^. 
The contribution becomes 

6 



5^'^ = / dzi..-dz65(Vz,-l)e2 



^0 ^=l 

= ^^/(2,2,2)(27rzm,27rm,0) (5.14) 

2. X < 2/2 — 2/3 + 2/4 < 2x. The integral of over the delta function fixes 2/1=2/2 — 
2/3 + 2/4 ~ ^- We change variables zi — x — y2^ ^2 = ^ — 2/4? ^3 = 2/3? such that < 
^1 , ^2 , ^3 , ^1 + ^2 + ^3 < X. Then we can also further change variable Z4 = x — zi — Z2 — ^3 
such that < 2:4 < X. Furthermore, we can write 1 — x — ^ dz^^ and zq = 1 — x — 2:5. 
The contribution becomes 

pi 6 
5(^2^ = dzi"' dZ66{y2 Z, - l)e2^^[-^(^2+^3)-n(^i+^4)] 

z=l 

= ^^^(2,2,2) (-27rzm, -27rm, 0) (5.15) 



3. < ^2 — 2/3 + 2/4 < ^- The integral of ^1 over the delta function fixes y\ = 2/2 — 2/3 + 2/4- 
The range of 2/3 is 2/2 + 2/4 — ^ < 2/3 < 2/2 + 2/4- This does not quite fit into the integration 
domain of ^3 which is [0, x] so makes this case more complicated. We further discuss 
several situations. 
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(a) y2 + y4 < ys < y^- Then we can change integration variables = ^3, 
^2 = 2/4 — 2/3, ^3 = 2/2 such that the integration domain of 2:1,2:2,^3 is < 
^1, ^2, ^3, 2:1+2:2+2:3 < X. The rests are similar to previous case 2:4 = x— 2:1— 2:2— 2:3, 
1 — X = ^ (iz5, and 2:^ = 1 — x — 2:5. The contributions in this case is 

= ^%,5)(27ri(m-n),0) (5.16) 

(b) 2/2 + 2/4 < ^, 2/3 > 2/4- Then we can change integration variables ^i = 2/4, 
Z2 = 2/3 ~ 2/45 ^3 — y2 — ys + 2/4 such that the integration domain of 2:1,^2,2:3 
is < 2:1,^2,2:3,2:1 + ^2 + 2:3 < X. The rests are similar to previous case Z4 = 
X — zi — Z2 — zs, 1 — X = ^ dz^^ and zq = 1 — x — z^. The contributions in this 
case is 

Si^l = [\zi-'-dze6{y2zi-l)e-^^'^^-^>^ 
^0 i=i 
= ^%,5)(-27ri(m-n),0) (5.17) 

(c) 2/2+2/4 > ^? 2/3 < 2/4- Then we can change integration variables zi = x — 2/4, 
^2 = 2/4 ~ 2/3? ^3 = ^ ~ 2/2 + 2/3 ~ 2/4 such that the integration domain of ^1,^2, ^3 
is < ^1, ^2, ^^3, '^i + ^^2 + 2:3 < X. The rests are similar to previous case 2:4 = 

— ^1 — ^2 — ^^3, 1 — ^ = Jq ^ dzr^^ and 2:^ = 1 — a:^ — 2:5. The contributions in this 



X 

case IS 



Sfl = dzi'" dzQ5(S2 z, - \y^^^^")^^ 

= p%,5)(27ri(m-n),0) (5.18) 

(d) 2/2 + 2/4 > ^5 2/3 > 2/4- Then we can change integration variables ^1 = x — ^3, 
Z2 = 2/3 ~ 2/4? ^3 — X — y2 such that the integration domain of 2:1,2:2,2:3 is < 
zi^ 2:2, 2:3, 2:1+^2+^^3 < X. The rests are similar to previous case 2:4 = a:^— 2:1— ^2— ^^3, 
1 — X = ^ dz^^ and zq = 1 — x — z^. The contributions in this case is 



m—n)z2 



5%,5)(-27ri(m-n),0) (5.19) 



Putting together the contributions 

:(6) _ „2 



5^ = [27(1,5) (27ri(m " n),0) + 2/(1,5) (-27ri(m " "),0) 

+/(2,2,2) (27rim, 27rm, 0) + ^(2,2,2) (^27rim, —2-Kin, 0)] (5.20) 
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Having written both the field theory diagram and string diagram contributions in terms of 



the standard integrals, we can easily check the factorization S^^"^ = 2F^^'> using (5.6 



5.12 



5.20). 



We can also derive the additional 



identities pointed out in [18j in this way. These 
identities modify the sum 5^2^^ in (5.4) by a factor of | and ^. We denote the modified 

c(6) 



sums as and , and they are 



:(6) 



k=—oo 
+00 



A;=— 00 

Then the identities are the followings 

:(6) 



(5.21) 
(5.22) 

(5.23) 
(5.24) 



where Bj^^n comes from the torus one-loop field theory correlator of BMN operators O'Lr^^r^ 
and O'Lji^. In this paper we discuss mostly free field theory, and the higher genus cor- 
relators correspond to string loop amplitudes. But the last identity involves higher order 
contributions of both genus and loop in field theory. It was shown that the one-loop field 
theory contributions to the correlator (0:{^ ,^0:{^ at higher genus can be also written in 
terms of the standard integrals ( B.l| ). 

To derive these identities, we perform the sum over string modes with the derivatives of 
summation formula (A.4). The results involve derivatives of the Dirac delta function 



5. 



(6) 



(1 — x)dx / dyidy2dysdy4e 



27ri [m (2/1 -2/2 ) +ri (2/3 - 2/4 ) ] 



^ 00 

^~2^^ S\yi-y2 + y3-y4-kx), 



(5.25) 



(6) 



(1 — x)dx / dyidy2dysdy4e 



27rz [m (2/1 - 2/2 ) +n (2/3 - 2/4 ) ] 



^ 00 

^ X] ^''(^1 -y2 + y3-y4- kx) 



(5.26) 



We can use integration by part for one of the variables yi to eliminate the derivatives in 
the delta function. It tu rn ou t the boundary terms of the integration by part also contribute. 
For the case of ^3^^ in (5.25) we find 



^3 = g^ j (1 — x)dx / dy2dysdy4 x 

k=-oo 

[^_(^g27ri[-m2/2+n(2/3-y4)] _ ^27Ti[m{x-y2)+n{y3-y4)]^§(^y^ _ _ _ J^^) 



^0 



dyie 



27ri [m(2/i -2/2 ) +ri(2/3 -2/4 )] 



S{yi -y2 + y3-y4- kx)] 



(5.27) 
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where the third hne is exactly as we have done for 5^2^^ before, and the second hne comes 
from the boundary term of integration by part and can be computed similarly. The result 
of the computations are 



5. 



(6) 



^^{2m/(i 5)(27rz(m — n), 0) + 2m/(i 5)(— 27rz(m — n), 0) 
+m/(2,2,2) (27rim, 27rzn, 0) + ^^(2,2,2) (— 27rzm, —27vin, 0) 
+ ^[^(i,4)(-27rz(m - n),0) - /(i^4)(27rz(m - n),0) 
+/(2,i,2) (— 27rzm, —27vin, 0) — ^(2,1,2) (27rzm, 27rzn, 0)] } 



(5.28) 



Using the recursion relation (B.3) for the standard integral one can easily check the iden- 



tity (5.23). This derivation is also valid regardless whether there are degeneracies in the 



parameters m,n since the recursion relation (B.3) is valid in the degenerate cases as well. 



In this way one can also derive the last identity (5.24) by performing the integration by 
part twice for (5.26) and noting that the torus one-loop field theory contribution Bm^n can 



be also written in terms of the standard integrals. 

Comparing to direct computations, this approach to the factorization relation is inde- 
pendent of whether there are some degeneracies when some of the m, n, m — n or m + n 
vanish, so we do not have to check each case separately. In this respect this approach of 
calculations using the integral form of vertices looks more promising for a systematic proof 
of the factorization at higher genus and for BMN operators with more string modes. How- 
ever, we have seen that the dissections of the integration domains are very tricky when we 
compute the string diagrams. In most of the paper, we still use the more straightforward 
and explicit method of direct computations of both string and field theory diagrams to 
check the factorization relation. 



5.3 Torus correlators between a single trace operator and a double trace 
operator 

The first two cases have been studied in [6j. Here we include them for completeness. 
5.3.1 Case one: the vacuum diagrams 

We first the case of vacuum operator (O^O^^O^^) (where J = Ji + J2) on the torus. There 
are 5 diagrams and they are depicted in Fig. [T7| This correlator is calculated in [21] 
using matrix model technique. Here we calculate the 5 diagrams separately to derive the 
multiplicity factors for the string diagrams. The short processes of the 5 diagrams are the 
followings 

(123456) ^ (153)1(426)2 
(123456) ^ (1542)1(36)2 
(123456) ^ (1542)2(36)1 
(123456) ^ (14325)1(6)2 
F^'^ : (123456)^(14325)2(6)1 (5.29) 



F. 



A7) 

(7) 

2 

(7) 

(7) 
4 

(7) 
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123 456 123 456 123 456 




Figure 17: There are 5 diagrams contribute to the torus correlator (O O^O^). We denote 

(7) (7) (7) (7) (7) (7) (7) 

their contributions by \ F2 \ \ F^ ' and ' respectively. F^ \ F\^ are related to 
Fg^^ F^^ by exchanging the operators O"^^ and O"^^ . Here we use a single line to denote a 
segment of string consisting of a large number of Z fields. We have checked these are the 
only torus diagrams. 
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We count the combinatorics to compute the contribution of these diagrams. We first 
pick the initial positions for segments in the three operators which contribute a factor of 
JJ1J2. Then for F^^'' we divide both smah operators O^^ and O^^ i^to 3 segments, so 

j2 j2 

we have another factor of -^^yp-. However we have over-counted by a factor of 3. To see 
the over-counting, we look at the short process for Fl'' which is (123456) (153)i (426)2- 
By cychcahty this is equivalent to (345612) — )■ (315)i(642)2, and if we relabel the initial 
operator by numerical order, we see this is the same as before we do the cyclic rotation. 
The same is true for the cyclic rotations to (561236) (531)i (264)2- Putting together we 
find 

Fi'^ = ^^yW^)[x\l - xf] (5.30) 
where we denote x — Ji/ J. Similarly for the other contributions 

Ff) = 1^^^(13^x3(1 -x) 

fP = l^v/^(r^x(i 

fP = l^v^^O^x^ 

Fi'^ = l^v/^(r^(l-x)^ (5.31) 



X? 



We also draw the one-loop string diagrams in Fig. [18] and compute them as the followings 



Vj12^"('-"^ 

Si'^ = 2(0-^0-^iO-^2)pia„ar(0-^iO-^i)torus 

= S^ix^l-x) (5.32) 

where the factor of 2 is the multiplicity of one-loop string propagation with respect to 
the field theory torus correlator of two single trace operators discussed in (5.3). And the 

(7) (7) 

diagrams SX' and 5^'^ are constructed only out of tree level 3-string vertices 

Jo 

= iilv^^(r3^x3(2-x) 

= sP{x^l-x) (5.33) 
Now we count the multiplicity for the string diagrams. We extend the short processes 



(5.29) into long processes, then determine the corresponding string diagrams of the long 
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Figure 18: There are 5 one-loop string diagrams for correlator {O^O^^O^'^). We denote 

(7) (7) (7) (7) (7) (7) (7) 

their contributions hy S\ \ S2 \ S\ \ S\ ^ and ^ respectively. S'2 ? ^'4 are related to 
5^3^^ ^5^^ by exchanging the operators O^^ and O^^^ 
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TTiij 


si" 












6 
















4 








2 





fP 


4 











2 




2 


2 





2 







2 





2 





2 



Table 1: The multiplicity matrix of string diagrams in Fig. [18] with respect to the short 
processes (|5.29|). 



processes. This is done in Table [2j and we write the multiplicity matrix in Table [T] We check 



matrix 



that (5.30, 5.31, 5.32, 5.33) satisfy the factorization relations according to the multiplicity 





= 


+ 4(Ff) 


sp 






sP 


- 2Ff) 




sP 




+ 2fP 


o(7) 
•^5 


= 2fP 


+ 2fP 



+ Ff^) + 2(Fj'^ + F. 



(7) 



5.3.2 Case two: {Oi^^^O'^'O'^') torus 

For simplicity we discuss the generic case of m ^ and also assume x = ^ is a generic 
value. The special case of m = is much simpler and can be considered separately. The 
field theory diagrams are the same as in the case of vacuum operators, except we will insert 
scalar fields with phases into the trace operators. Similarly we denote the contributions of 
the 5 diagrams F-^ , where z = 1, 2, 3, 4, 5. Denoting the number of Z's in the segment (i) 
to be XiJ where z = 1,2, •••6, we find the contributions 

1 ^ 

F^^"^ = --^^ / dxidx2dxsdx4dx^dxQ6{xi + xs + — x)6{x2 + X4 + xq — {1 — x)) 
^ V J Jo 



rxi rxi+X2+X3 rxi+X2+X3+X4+X3 

Jo Jxi+X2 J X1+X2+X3+X4 

rXl-\-X2 rXl-\-X2-\-X3-\-X4 



rxi+X2 nxi+X2+X3+X4 pl 

/ +/ +/ 

J Xl J Xl-\-X2-\-X3 J Xl 



-27Timy2 



dy2 



9' 



1 



+a;2+a;3+X4+X5 
2\_2 2 0^2/ 



6 Q[-^ + i'i- + 2x-2x'')m^7r'^ -2x^(1 -xfrn^n'^) 

'J luTTT/ 71" 

+ (3 — (1 — 2x)^m^7r^) cos(2m7rx) — 3(1 — 2x)m7r sin(2m7rx)]. 



(5.34) 
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^ 1 


1. 


(123456) ^ 


(123)(456) -> 


f312645') f531')i f264')9 






2. 


(123456) ^ 


(123)(456) ^ 


(231564) f315)i (264)9 






tj . 


n 9345fi'l 








(342615) ^ (315)i(426)o 






4. 




T 


r934V^fi1 ^ 




(423156) -> (315)1(426)2 


^ ^1 




5. 


h 934^fi^ 

I J- ^O^OkJ I 


V 

r 


r34^Vl 


T 


(534261) ^ (531)1(426)2 


^ '^l 




6. 


h 9'^4^fi^ 

I J- ^O^OkJ I 


T 


r34^Vl 9fi^ 




T 


(453126) (531)1(426)2 


^ '^l 


^ 2 


1. 




V 

— r 




V 

— r 


(423615) (36)9(4215)1 






2. 


h 9'^4^fi^ 

I J- ^O^OkJ J 




T 


r934Vl ^fi^ 

I^Ot: j \±0\J 


T 


(342156) (36)2(4215)1 


^ ^1 




3. 


h 934^fi^ 


T 


(^ 9V'^4^fi^ 




T 


(215634) (63)9(2154)1 


^ ^1 




4. 






(^ 9V^4^fi^ 




(12)(45)(36)9 (36)9(2154)1 






5. 


n 9'^4^fi^ 








(542361) (36)2(5421)1 


^ '^l 




6. 










(45)(12)(36)9 (36)9(5421)1 




^ 3 


1. 




— y 




— y 


(423615) (36)1(4215)9 






2. 






r9'^4Vl ^f\) 

I Z/O^ J y±0\J ^ 


V 

T 


(342156) (36)1(4215)9 






tj . 




V 


(^ 9V^4^fi^ 




(215634) (68)1(2154)9 






4. 


h 934^fi^ 




T 


(^ 9V34^fi^ 


T 


(12)(45)(36)i (36)1(2154)9 






5. 


h 934^fi^ 


T 




T 


(542361) (36)1(5421)2 


^ '^l 




6. 






r 


(AK\(A 9'^B'i 

\~^0 j \ ±Z/OU 


V 

r 


(45)(12)(36)i (36)1(5421)9 


G^f) 


^ 4 


1. 




V 

— r 




V 

— r 


(325614) (14325)1(6)9 






2. 


(123456) 




(34)(5612) 




(432561) (14325)1(6)9 


G 




3. 


(123456) 




(12345) (6) 


2 


(23)(451)(6)9 (51432)1(6)9 






4. 


(123456) 




(12345) (6) 


2 ^ 


(34)(512)(6)2^ (43251)1(6)2 






5. 


(123456) 




(34)(5612) 




(34)(125)(6)2 ^ (43251)1(6)2 






6. 


(123456) 




(23)(4561) 




(23)(145)(6)2 ^ (51432)1(6)2 






1. 


(123456) 




(23)(4561) 




(325614) ^ (14325)2(6)1 






2. 


(123456) 




(34)(5612) 




(432561) ^ (14325)2(6)1 


G5r) 




3. 


(123456) 




(12345) (6) 


1 


(23)(451)(6)i ^ (51432)2(6)1 






4. 


(123456) 




(12345) (6) 


1 


(34)(512)(6)i ^ (43251)2(6)1 


G5f) 




5. 


(123456) 




(34)(5612) 




(34)(125)(6)i ^ (43251)2(6)1 


g4^) 




6. 


(123456) 




(23)(4561) 




(23)(145)(6)i ^ (51432)2(6)1 





Table 2: The extension of the short processes in ( |5.29[ ) into long processes. We also deter- 
mine the corresponding string diagrams. 
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1 f 

^2^^ = / dxidx2dxsdx4dx5dxQ6{xi -\- X2 + X4 + — x)6{xs -\- xq — {1 — x)) 

( / + / )e2"i%i( / + / )e-2"2d2;2 

./xi+a::2+3^3 J xi-\-X2 Jx 



' XI +a;2 +iC3 +a^4 +a^5 



^ ^ ;[3 - 3mV^x(l - x) - 2mV(l - x)x^ 



— (3 + 3x(l — x)m^7r^) cos(2m7rx) + (3(1 — 2x)rmi — im?Ti^x^) sin(2m7rx)], 
Ff) = F!f\x^l-x), (5.35) 



3 /*! 

F^^^ = I dxidx2dxsdx4dx5dxQ6{xi + X2 + X3 + X4 + X5 — x)6{xq — (1 — x)) 

^ Jo 



g'^ cos(2m7rx) — 1 



1 

27Timyi I j -27Timy2 





I I 1:^1 /^. iii n I I I . 

(x^ + (1 - x) 



p{8) ^ f]8)(^^i_^)^ (5.36) 



The string diagrams are constructed by decorating the vacuum diagrams in Fig. [18] with 
scalar excitations, and we denote the corresponding contributions here S\ \ i — 1,2,3,4,5 

(7) (7) (7) 

accordingly. For the un-amputated diagrams 5^'^ and we find there is only 

one way to decorate the diagrams (without concerning the details of the one-loop string 
propagations in the diagrams). We draw these decorated diagrams in Fig. 19, For the 

(7) (7) 

diagrams ^4 and ^5 , there are 2 ways to decorate for each of them, and we draw the 



(7^ 

decorated diagrams of Sa in Fier. 20 The ones for SI'' are obtained from those of ^4 ^ by 
simply exchanging the two operators Oq ^ and Oq ^ . 
We compute these diagrams similarly 

00 

k=—oo 

S2 ^ — 2(0:{^ ,^OQ^OQ^)pianar(Oo^OQ^)torus 

Sf^ = Sf\x^l-x) 
Jo 

00 
k=—oo 

= S^^\x^l-x) (5.37) 



(7) • (7) 



Using the vertex formulae (3.1) one can perform the sums and integrals to check the fac- 
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(8) 



5". 



(8) 



s. 



(8) 



(7) (7) (7) 

Figure 19: The decorated string diagrams of 5^'^ and 5^'^ in Fig. 
contributions sf'\ S^^ respectively. 
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We denote these 



0'_ 



Ot 





o(8) 
'^4,1 



o(8) 
•^4,2 



(7) . . 

Figure 20: The decorated string diagrams of 5^ ' in Fig. 18 There are 2 diagrams and we 



denote the total contributions by 5, 



(8) 
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torization relations 



si' 
si' 



= 6Fl 
= 2Fi 



+ 2F, 
+ 2K 



(8) 
4 

(8) 



5.3.3 Case three: {0-L^^^0\^0-^^) torus 

As in the previous case, we discuss the generic case of m 7^ and n 7^ 0, and also assume 
X = ^ is a generic value such that mx — n and mx + n are not zero. The special cases of 
m = orn = are much simpler and can be considered separately. The field theory diagram 
contributions are basically computed by looking at the diagrams for vacuum operators in 



Fig. 17, and inserting the scalar excitations and summing them with phases. We denote 



the corresponding contributions F^^^ where i = 1,2,3,4,5. Denoting the number of Z^s 
in the 6 segments in the single trace operator O'L^m by XiJ where i — 1,2,3,4,5,6, the 
calculations go as the followings 

^3 



n(9) 



9 



X Jo 



Jo 



dxidx2 • • • dxQ6{xi + X3 + X5 — x)6{x2 + X4 + — (1 — x)) 



Xi-\-X2-\-X3 



dy + e 



27rm 



XI+X2 



rl-XQ 

Jxi+X2- 



dy)e 



27Ti{m-^)y\2 



+X2+X3+X4 



(5.38) 



.(9) 



g ^1-x^^ 



2\/j X 



dxidx2 • • • dxQ6{xi + X2 + X4 + X5 — x)6{xs -\- xq — {1 — x)) 



rxi 
Jo 



dy + e 



-27rm- 



rxi-\-X2 



+e 



^2+^3+^4 



X+X3 



/ dy + e 

J Xl 



Xi-\-X2-\-X3-\-X4 



dy 



X1+X2+X3 



(5.39) 



a;i+a;2+a^3+a^4 



-( ) 2 / dxidx2 • • • dxQS{xi + X2 + X4 + X5 — (1 — x))S{xs + xq — x) 

2\/ J X Jo 



X1+X2+X3 



dy + e 



27rm- 



X1+X2 



' / dy) 

Jl-XQ 



(5.40) 



(9) 



9 



( )2 / dxidx2 • • • dxeSixi + X2 + X3 + X4 + X5 - x)5(x6 - (1 - a:^)) 

X Jo 

XI+X2+X3 



\{J dy + / dy + e^^^^^^ / d^/ 





27rm — 



-'a::i+a::2- 



px 

dy+ dy) 

+X2+X3 Jx-X5 



,27ri(m-5)y|2 



(5.41) 
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^ 1 X 

F^^'' = / dxidx2 • • • dxQ6{xi + X2 + xs + X4 - {1 - x)) 

V J ^ Jo 

xS{xe-x)\{ rdy)e2^^(^-?)^p (5.42) 
Jo 

We calculate these integrals respectively. We find the case of F^^^ is the simplest and the 
case of F^^^ is the most difficult. The results are the followings 

77(9) 9^ xi{l-x)i r ^ 2 5/-, x2 3 . 2/ n 

F; ^ — — ^- -r{-27r m (1 - x) x sm (Trmx) 

—2m^x^(n — mx)[(m^7r^(l — x)^ + 2) sin^(7rmx) + 7rm(l — x) sin(27rmx)] 
+mx(n — mx)^[2m^7r^x^(l — x)^ — 2m^7r^x(l — x) — 1 
+ (2m^7r^(x — l)x + 1) cos(27rmx) — m7v{x + 1) sin(27rmx)] 
+ (n — mx)^[l + 2m'^7r^x^(l — x)^ + (2m^7r^(x — l)x — 1) cos(27rmx) 
-m7r(2x - 1) sin(27rmx)]}, (5.43) 
(9) _ xi(l — x)^ . 6sin^(7rmx) 67rx^[27rm(x — 1) + sin(27rmx)] 

^2 — i 



+ 



2tt(1 — x)x[47r'^m^x^ + Sttttix — 3sin(27rmx) + Svrmx cos(27rmx) 
m^(n — mxY 



^ 127r^(l — x)x ^ 67r(l — x)x^ sin(27rmx) ^ 3[47r^m^(x — l)x + 1 — cos(27rmx 



^ / \4 ^ / \^ i' (5.44j 

771(9) X2(l— X;- ro4 44,^4 43 ^4 42,o4 4 ,o4 3 : 

i^o — ^ , ^ — ^7 r:r^ — ZTT mx +D7rmx — DTrmx +27rmx + 27rmnx 



m?(n — mx)^ m^{n — mx) 

127r^(x — l)x^ ^ 67r(x — l)x^ sin(27rmx) 
(n — mx)^ (n — mxY 

X2 (1 — xj 2 
247v^m^{mx — n)^ 

^43 2,^43 o43 o222,o22 io2 

— DTT m nx -\- 07T m nx — ZTT m n — Stt m X -\- Stt m x -\- Stt mnx 
—STT^mn — 3 + 7r[7r^m^(x — 1)^ + m(6x — 3) — 3n\ sin(27rmx) 

+ [— 37r^m^(x — l)x + 37v^mn{x — 1) + 3] cos(27rmx)}, (5.45) 

^(9) X 2 (1 — x) 2 24 sin^(7rmx) 6x sin^ (vrmx) 67rx[27rmx + 3 sin(27rmx)] 

^ 967r^ m^(mx + n) m^(mx + n)2 m^n 

247rx^[7rmx + sin(27rmx)] 6x^[— 57r^m^x^ + 3(7r^m^x^ + 1) cos(27rmx) — 3] 



+ 



m?{n — mx)^ 
6[27T^m^x^ + 37rmx sin(27rmx) — 2 cos(27rmx) + 2] 
m^{mx — n) 

x[107r^m^x^ + (15 — 27r^m^x^) cos(27rmx) + 12ii^m^x^ + ISttttix sin(27rmx) — 15] 



m^(n — mxY 

4x^[7rmx(27r^m^x^ + 3) sin(27rmx) + 6 cos(27rmx) — 6] 60x^ sin^ 



m^{mx — n)^ {n — mxY 

247rx^ sin(27rmx) . 

+ -( S^}' 5.46 

(n — mx)^ 



3 9 sin(m7rx)^ 

77^ ' ^1 - ' 247r2(n-mx)2 



= ^2:Ml-a^)^;77ri7^^^fr^ (5-47) 



Now we consider the string diagrams, which are obtained as decoration of the vacuum 
diagrams in Fig. 
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(7) c(7) 



with stringy excitations. For the diagrams S\ , S. 

(7) 



Si'^ and Si'^ 



there is only one way to decoration, while for the case of and ^4 there are 3 decorated 
diagrams. We depicted these diagrams in Figs. [2l| [22) [23| The contributions for diagrams 
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in Fig. [21] are 

^1 ^ = ^ y^(0-m,mO-fe,fe)tQrus(0-/c,/cO-n,nQ'^^) 
it 

it 

5f = 2{Oi^^^O\^0'-){0'-0''^)torus (5.48) 

where the factor of 2 comes from the multiphcity of the one-loop string propagation diagram. 
Denoting the length of the intermediate operator in the loop J3 = yJ and also Ji = x J, we 
find the contributions of the diagrams in Figs. 22, 23] as the followings 

5f = Si'} + Sf^l + S^l (5.49) 

JO 

x(o(i-^)^0(^-^)^0(^-^)^), (5.50) 

where the factor of 2 in ^4^^^ is because there are two scalar insertion fields in the BMN 
operator 0:{^^, and we are using a slightly sloppy notation for not distinguishing the 
different scalar insertions in the operators. We can choose any one for the operator Oq^ 
and the other one for ^ and these two choices give the same contribution. We 

perform the sums and integrals for the string diagrams contributions with the helps of the 
summation formulae in Appendix A, The calculations for 54^3 is the most difficult as it 
involves two sums over integers k and /, besides the integral of Jq dy, and we find it best 
to do the sum over k first, then the sum over / and the integral. We succeed in calculating 
the string diagrams analytically and check the factorization relation 

= 6Ff)+4(Ff + Ff ) + 2(Ff + Ff ) 

5f = 2Ff) 

5f = 2Ff + 2Ff 

5f = 2Ff + 2Ff 
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oi. 




(9) 



:.(9) 



s. 



(9) 



(7) (7) (7) 

Figure 21: The decorated string diagrams of S'^' and 5^'' in Fig. 
contributions sj^"^ respectively. 
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We denote these 






o(9) 
'^4,1 



s 



(9) 
4,2 



s. 



(9) 
4,3 



(7) . . 

Figure 22: The decorated string diagrams of 5^ ' in Fig. 18 There are 3 diagrams and we 



denote their contributions ^4^^^ , ^4^2 5 ^'4^3 respectively and the total contributions by ^4^^ . 
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(9) 



(7) 

Figure 23: The decorated string diagrams of 5^^ in Fig. |18| There only one diagram and 
we denote the contribution by 



5.4 Genus two correlators between two single trace operators 
5.4.1 The vacuum diagrams and multiplicity 

There are 3 string diagrams for the correlator (O'^O^)genus 2 5 and we depict them in Fig. 



24| These diagrams are easy to calculate 

S[''^ = (2(0-^0-^)genusl) 

144' 



Jo 12 



9^ 
504' 



Jo Jo 



9 
280 



(pxJ QyJ Q{x-y)J^ i^q{^-x)J Q{x-y)J Q{^-y)J^ 
4 



(5.51) 



For the calculations in field theory diagrams, we need to divide the single trace into 8 
segments, and there are 21 different diagrams, i.e. short processes, which are just permuta- 
tions of (12 • • • 8). Here we will not draw the diagrams again and simply use a permutation 
(aia2 • • • as) to represent the field theory diagram, and denote their contributions F^^^^ 
with j — 1, 2, • • • 21. To derive the multiplicity of the string diagrams in Fig. 24, we can 
start with a string (12 • • • 8), and perform the splitting and joining operations according the 
string diagram. We keep the resulting long processes whose final states are irreducible from 
combining segments. Using a computer we can count the multiplicities of string diagrams. 
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and we list them in Table. [3) We do not list all the long processes here because that would 
take too much space. The multiplicity matrix is rriij where i = 1,2,3 denote the string 
diagrams and j = 1, 2, • • • 21 denote the field theory diagrams. The factorization relation 
( [42l ) is 

21 

= fori = 1,2,3 (5.52) 

For the vacuum operator, each field diagram contribute Fj^^"^ — f]- for any j due to choices 
of dividing the single string into 8 segments. We see the contributions of the string diagrams 
in (5.51) agree with their respective total multiplicities with respects to the 21 field theory 

4 

diagrams times ly, consistent with the factorization relation. The total contribution to 
the correlator (O^O^)genus 2 of the string diagrams is proportional that of the field theory 
diagrams with a factor of 24. So we can write the correlator as 

j=l i=l 



5.4.2 The stringy BMN operators 

We consider the stringy case (O'L^ .^O'L^ r^) genus 2- A systematic way to do the field theory 
diagram calculations for higher genus single trace operators were described in [17j. We 
summarize the details in Appendix [Bj Basically the calculations of summing over BMN 
phases of the scalar insertions can be expressed in terms of some standardized integrals 
which can be calculated recursively. We denote the contribution of a genus 2 field theory 
diagram by Fj^^"^ where j = 1, 2, • • • 21, and we calculate the contribution Fj^^^ respectively 



for all the j's in computer using the formula (B.6) 



For the string diagrams, we decorate the vacuum string diagrams in Fig. 24 with scalar 



insertions. We depict the decorations of the 3 string diagrams in Figures [25| [26) [27| and 
denote their contributions s[^^\ S^^'' and S^^^"^ respectively. 



We discuss the calculations of the string diagrams. The diagram in Fig. 25 can be 



calculated using the one-loop string propagation amplitude in (5.2) or (5.4), and we find 

+ CX) 

—m,m —fc, A: / torus {Oik,kOin,n)torn. (5.54) 



SI 



(11) 



= < 



9 

144' 

0, 



451 
2567r8r? 



145 



1 1 

2527r2m2 



45360 



31185 



144^2^2 V I287r6 



1197 



+ 



111 



+ 1) 



3607r8m6n6 (m-n)8 (m+n)4 



m = n = 0; 
m = 0, n 7^ 0, 
or n = 0, m 7^ 0; 
m = n 7^ 0; 



m 



all other cases 
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ruij 






'^3 


Total 


7^(10) 

F{ ^ 


(1,4,7,6,5,8,3,2) 


8 


8 


8 


24 




(1,5,8,3,7,6,4,2) 


12 


4 


8 


24 


^3 


(1,6,4,8,3,7,5,2) 


16 


2 


6 


24 




(1,7,5,4,8,3,6,2) 


12 


4 


8 


24 


^5 


(1,8,3,6,5,4,7,2) 


8 


8 


8 


24 


1^(10) 
^6 


(1,4,3,2,5,8,7,6) 


8 


8 


8 


24 


7^(10) 


(1,4,8,7,5,3,2,6) 


12 


4 


8 


24 


1^(10) 

TT'v / 

^8 


(1,4,8,6,3,2,7,5) 


16 


2 


6 


24 




(1,4,7,3,2,8,6,5) 


12 


4 


8 


24 


^10 


(1,8,7,2,5,4,3,6) 


8 


8 


8 


24 


-^11 


(1,8,6,4,3,7,2,5) 


12 


4 


8 


24 




(1,7,4,3,8,6,2,5) 


16 


2 


6 


24 


^(10) 
-^13 


(1,7,6,2,5,8,4,3) 


12 


4 


8 


24 


-^14 


(1,7,3,6,2,8,5,4) 


16 


2 


6 


24 


^15 


(1,5,4,2,8,7,3,6) 


12 


4 


8 


24 




(1,6,5,2,8,4,7,3) 


16 


2 


6 


24 


^17 


(1,8,4,7,2,6,5,3) 


12 


4 


8 


24 




(1,5,8,4,2,7,6,3) 


16 


2 


6 


24 


^19 


(1,5,3,8,7,4,2,6) 


16 


2 


6 


24 


-^^20 


(1,8,5,3,7,2,6,4) 


16 


2 


6 


24 


^21 


(1,6,3,8,5,2,7,4) 


24 








24 


Total 


280 


80 


144 





Table 3: The multiplicity matrix of string diagrams in Fig. [24] with respect to the 21 short 
processes. These short processes are permutations of (1,2, • • • ,8), and we have used the 
cyclicality of the string to put the segment (1) in the first position. 
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SI 



(11) 



Figure 25: The decorated string diagrams for the first vacuum diagram S^^^^ in Fig. 
This diagram is the paste of two torus diagrams and we denote the contribution s[^^\ 



24 



where the numerator in the last case is 



' (IOtt^ 



4_4 



-315) 



1260) 



-Sm^^n^ (lOTT^n^ + Utt^ti^ + 1257r^n^ - 210) 



, (207r^n^ + 1537r^n^ - TQStt^ 
m^^n^ (SOTT^n^ + 4597r^n^ - 22057T'^n'^ + 3780) 



+m^^n^ (207r^n^ - 1747r^n^ + 32257T^n^ - 5310) - Sm^^n^ (407r^n^ + 1027r^n^ - TQSTr^n^ 
+m^°n^ (207r^n^ + 3667r^n^ - 26407T'^n'^ + 8865) + m^7 



^Tr'^n'^ - 3067r^n^ - 19507r^n 



2^2 



f 855) 
- 4815) 



-6m^n^ {bTT^n^ + 297r^n^ + 4407r2n2 + 4080) + m'^n^ (-207r^n^ + 4597r^n^ + 23857r2n2 - 4815) 



• 5l7r^n^ + 32257r2n2 + 8865) - 9m^n^^ {llir^n^ + 2AhTT'^n^ 



-285) 



+3m^n^2 (I47r^n^ - 12^Tz'^n^ - 1770) + 15m^n^^ {^?>TT'^n^ + 252) 
-210m2n^^ (TT^n^ - 3) - 1260mn^^ + 315n^^ 



(5.55) 



For the 3 diagrams in Fig. 26 , the first two are easy to handle because the one-loop prop- 



agation of the non-stringy operator just contributes a factor of 
are 



12 



and the calculations 



s: 



(11) 

2,1 



s: 



(11) 

2,2 



12 

I 
6 



k=-oo 

f 

Jo 



-x)J^^^xJ^^(1-x)JqJ^ 



(1 - x)^dx{0'_ 



(1-X)J^J V 

^-n,n/ 



(5.56) 



where there is an extra factor of 2 in front of the second diagram ^2^^ because there are two 
choices for the scalar insertion in the operator that undergoes one-loop propagation. 

it is much easier to use our previous results on one- 



26 



For the third diagram in Fig. 
loop cubic interactions. We divide the diagram into two part by a dash line and treat the 
one-loop cubic part on the left as a black box, which we have calculated previously in the 



second equation in (5.48). We find 



(11) 
2,3 



= Jdx sf\m,k,x){Olij,0^^-''^^0^_ 
Jo 



(5.57) 
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Putting the 3 contributions together we find the total contribution 



^(11) ^(11) ^(11) 

'-'2,1 T" '-'2,2 "T '-'2,3 



(5.58) 



91 
504' 

0, 



9H 



1023 



21 



+ 



31 

2407r4m4 
12789 



/ 76923 iz/ot^ I 

5047r2m2 V 5127r6m6 647r4m4 



987 
407r2m2 



+ 



2160 



+ 1), 



100807r8m6n6 (m-n)8 (m+n)4 

where the numerator in the last case is 



m = n = 0; 
m = 0, n 7^ 0, 
or n = 0, m 7^ 0; 
m = n 7^ 0; 

m = — n 7^ 0; 

ah other cases 



P2 = m^^ (807r^n^ + 5467r^n^ - 48307r2n2 + 2520) - m^^n (l607r^n^ + 18487r^n^ - 157507T^n^ + 2835) 

-15m^^n2 (I67r^n^ + 287r^n^ - 2107r^n^ + 945) + m^^n^ (6407r^n^ + 55447r^n^ - 592207r2n^ + 17955) 
+m^2n^ (I607r^n^ - 32347r^n^ + 325507r2n2 + 19215) - Sm^^n^ (3207r^n^ + 12327r^n^ - 314307r2n^ + 5565) 



+m^°n^ (I607r^n^ + 62167r^n^ - 308707r2n2 - 7875) + m^n'^ (6407r^ 
-6m^n^ (407r^n^ + 5397r^n^ + 51457r2n2 + 51135) + m^n^ (-1607r^' 
- 847r^n^ + 65107r2n2 - 1575) - 21m^n^^ (887r^n 



.4^4 



+5m^nio (I67r' 



- 36967r^n 
f 55447r^n^ ■ 

- 28207r2n2 4 



2^2 



- 1016407r^n 

- 942907r2n2 
795) 



(267r4 



1507r2n2 + 915) + 315771^71^2 {^OTv'^n'^ + 57) 



-105777^77^^ {AGn'^n'^ + 135) - 283577777^^ + 252077^ 



71505) 
71505) 



(5.59) 



For the 2 diagrams in Fig. 27, we also consider them as the pastings of two diagrams 
which we separate by a dash line. The left parts of the diagrams have been computed before 



in the last two equations of (5.37) and in (5.49, 5.50), so we can treat them as a black box 



and simply use the previous results. We note that in Section |5.3.3| we present the results 
for generic case A: 7^ 0, but here we also need to sum over the intermediate state with A: = 
in the second diagram 53^2^^ which we have calculated separately. The calculations go as 
the followings 



*^3,l 



Jo 



r (m, x) + 5f ^ (m, x)] (Og^ O^'-"^" O: 



xJni^-x)J^j 



5. 



(11) 
3,2 



J Jdx 5] [5f (m,fc,x) + 5f (m,fc,x)](0^i,,0(i--)'^0^„,J (5.60) 

^ k=—oo 



We find the total contribution 



5. 



(11) 



^(11) 

^3,1 



= < 



9H- 



^(11) 

^3,2 



1045 

2567r87778 



2807r27 



(5.61) 



g 

280' 

0, 



25 



487T^m^ ^ 487r47774 



1 , 37 
2107r27772 ^ 45360^' 



m = n = 0; 
m = 0, n 7^ 0, 
or n = 0, m 7^ 0; 
m = n 7^ 0; 



19981 5 
5127r6 



7665 



777" 



647r47774 + 87r2 



147 



+ 1) 



alS 

33607r8m6n6 {m-n)^(m+n)^ 



all other cases 



53 



'^2,1 



— 



Q{\-X)J 



Q{1-X)J 




0'_ 



5-. 



(11) 

2,2 



0'_ 



— 



.{l-x)J 



{l-x)J 




s. 



(11) 

2,3 



•m,m 
— 



^-k,k 




0'_ 



n,n 



24 



Figure 26: The decorated string diagrams for the first vacuum diagram 82^^^ in Fig. 
We use a dash hne in the third diagram to represent it as the paste of one-loop cubic 



diagram with a tree level cubic vertex, where we can use results from previous Section |5.3 
without the need for the details of the one-loop cubic part of the diagram. We denote the 
contributions of the 3 diaer rams ^2 \ ^ 5 2 ^ cind S^^ 



■^2,3 



54 




24 



Figure 27: The decorated string diagrams for the first vacuum diagram ^3^^^ in Fig. 
These diagrams can be obtained by pasting a one-loop cubic diagram with a tree level cubic 
vertex. We do not need to draw the details in the one-loop cubic part of the diagram but 
simply use the results from the previous Section 5^ We denote the contributions of the 2 
diagrams S^^l"^ and 8^2"^ . 



where the numerator in the last case is 

P3 = 2m^^ (247r^n^ + 1337r^n^ - TSSTT^n^ - 1890) + m^^ (-967r^n'^ - 8967r^n^ + 49707T'^n^ + 12705n) 

+771^"^ (-1447r^n^ - 3087r^n^ + TTOTr^n^ + 136571^) + Sm^^n^ (l287r^n^ + 8967r^n^ - G^SOTr'^n'^ - 15855) 
+m^^n^ (967r^n^ - 11627r^n^ + 119707r2n2 + 31815) + m^^n^ (-5767r^n^ - 17927r^n^ + SGldOTr'^n'^ + 72345) 
+m^°n^ (967r^n^ + 24087r^n^ - 112707r2n2 - 75075) + m^n'^ (3847r^n^ - 17927r^n^ - 428407r2n2 - 68565) 
-2m^n^ (727r^n^ + 58l7r^n'^ + 56357r2n2 + 12285) + m'^n^ (-967r^n^ + 26887r^n^ + 361907r2n2 - 68565) 
+m^n^° (487r^n^ - 3087r^n^ + 119707r2n2 - 75075) - 7m^n^^ (l287r^n^ + 28207r2n2 - 10335) 
+7m^n^2 (387r^n^ + IIOtt^ti^ + 4545) + 35771^71^2 (I427r27i2 - 1359) 

-105771^71^^ {Un'^n'^ - 13) + 1270577771^^ - 378077^^ (5.62) 



We check the factorization relation for the 3 groups of string diagrams in a computer 



SI 



(11) 



for z = 1,2,3 



(5.63) 



where the results of 



(11) 



5.58 



,^ are written in equations (5.54 
can be found in Table 3| and we have also computed the F^^^^ (j 



5.61), the multiplicity matrix 
1,2,- •• ,21) in 



computer according to the formula (B.6) but there are too many expressions (21 of them) 
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SI 



(12) 



Figure 28: A 3-loop string diagram for (O 

(12) 

. We test the factorization relation for this diagram. 



^ m,mO-n,n) genus 3- We denote its Contribution by 



to write down here. Again we can write the total contributions to the genus 2 correlator as 



(0-m,mO-n,n)genus 2 



21 



(11) 



1 \^ o(ll) 

24^ ^ 

i=l 



(5.64) 



5.5 Genus three: a test 



We consider the BMN correlator (0_^ ,^0_^ ,^)genus 3- There are ^ = 1485 different field 
diagrams represented by permutations of (1, 2, • • • ,12). We calculate these 1485 diagrams 



contributions as F^^^\ j 



in computer using the formula (B.6) similarly as in the previous section. Denoting the 



1, 2, • • • 1485, the total contribution to the correlator is 

1485 



m,m^-n, n)genus 3 



J=l 
322560 ' 

0, 



(12) 



< 8856072225 



10877691825 _^ 1949592645 



518918400 V 2567ri2mi2 i287ri0mi0 647r8m8 
26042445 , 927355 5239 , or-iN 
87r6m6 ^ 87r4m4 47r2m2 ^^"^^ 



2807805 



91 ( 

2150407r2m2 V 5127riOmio, 
5461 



35315 _^ 155281 



1 4151 I -i\ 

87r4m4 2167r2 



m — n — {)] 
m = 0, n 7^ 0, 
or n = 0, m 7^ 0; 
m — n ^ 



m 



all other cases 



(5.65) 



where P4{m, n) is a polynomial of m, n which is too long to write down here. 

We test the factorization relation for a 3-loop string diagrams shown in Fig. 28 This 
diagram is one of simplest among 3-loop string diagrams and can be calculated as the 
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i = l,2,--- ,1485 


mij for Si''^^ 


(1,4,7,6,5,8,11,10,9,12,3,2) 


48 


(1,4,7,11,10,8,6,5,9,12,3,2) 


72 


(1,4,7,11,9,6,5,10,8,12,3,2) 


96 


(1,4,7,10,6,5,11,9,8,12,3,2) 


72 


(1,4,7,10,9,8,11,6,5,12,3,2) 


48 


(1,4,11,10,5,8,7,6,9,12,3,2) 


48 


(1,4,11,9,7,6,10,5,8,12,3,2) 


72 


(1,4,10,7,6,11,9,5,8,12,3,2) 


96 


(1,4,10,9,5,8,11,7,6,12,3,2) 


72 


(1,4,11,6,9,8,7,10,5,12,3,2) 


48 






Total 


277200 



Table 4: The multiplicities of the string diagram in Fig. [28] with respect to some samples 
of the 1485 short processes, which are permutations of (1, 2, • • • , 12), and we have used the 
cyclicality of the string to put the segment (1) in the first position. 



following 



+00 +00 



k=—oo l=—oo 

+ CX) 



- 2 5: (O 



J r^J 
m.m 



O-k^k) torus s[ \k,n), 



(5.66) 



k=—oo 



where the formula for the torus two point function can be found in (5.2), and we can 
utilize the previous result S[^^\k, n) in rt5.54h of two-loop string propagation for parts of 
the calculations. 



We also use a computer to find the multiplicities of the string diagram in Fig. [28] with 
respect to the 1485 field theory diagrams, similarly as in the previous case of genus 2. It 
turns out the multiplicity is non-vanishing with respect to all 1485 diagrams. Obviously we 
can not list all the multiplicities here. We provide a small sample in Table [4] 

(12) 

Denoting the contribution of a field theory diagram by Ff^ where j = 1, 2, • • • , 1485, 
the factorization relation for the string diagram in Fig. [28] states that 



We calculate both the left hand side and the right hand side analytically, and check the 
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factorization relation with the following result 

1485 



^(12) _ 



(12) 



1728' 

0, 



1955422755 



+ 



397910799 



926640 V 10247ri2nii2^g^^^647ri0r^i0g ' 647r8m8 



87r4m4 287r2m2 +§3), 
90781119 4409493 



33182721 



11527r2m2 



2807r4m4 25207r2m2 "^^ 



486819 
807r6m6 



(5.68) 



m = n = 0; 
m = 0, n 7^ 0, 
or n = 0, m 7^ 0; 
m = n 7^ 0; 



all other cases 



mi0ni0(m-n)i2(m+n)8 

where P^{m^ n) is a polynomial of m, n too long to write down here. 

The sums and integrals in both the string diagrams and the field theory diagrams become 
more and more difficult to do analytically as we go up in genus and also include multi-trace 
operators. But it is certainly possible to check the factorization relation further numerically 
since all sums and integrals are convergent in this paper. 



6 Correlators of BMN operators with more stringy modes 

In the previous sections we considered correlators of BMN operators with at most two ex- 
citations, where the first stringy mode can appear due to the closed string level matching 
condition. One can certainly add more stringy modes to the BMN operators, which corre- 
sponds to more field insertions in the trace operators with phases. One can also consider 
the case that some of the scalar insertions are identical, which we do not expect to make a 
qualitative change to the factorization rules. To illustrate that the factorization relation also 
works for these cases, in this section we study some correlators involving BMN operators 
with 3 different scalar insertions. 

6.1 The operator and vertices 

We use 3 different scalar fields 0^, (j)^ and (j)^ to insert into the single trace operator = 
Tr(Z^) with phases. The resulting properly normalized BMN operator is 



O; 



(mi,m2,m3) -J^JYl J ■ 
h 



J-1 

i: ■ 

l2=0 



27rimnl-i 27rimol 



(6.1) 



where the integers m^'s satisfy the level matching condition mi + m2 + rus = 0, and we 
have used the cyclicality of the trace to put the scalar 0^ in the first positions. Similar to 
the case of 2 excitations, the summing over the position of (1)^ make the operator vanish if 
the level matching condition mi + m2 + ms = is not satisfied. From now on we use a 
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subscript to denote the string modes when confusion may arise. For example, we denote 
the BMN operator with 2 excited modes as O/ x with the scalar insertions of modes 
—n and n from 0^ and 0^. For the BMN operator with 3 string modes this is not necessary 
since there is no confusion. 



It is straightforward to compute the vertices with the operator (6.1) by summing over 
the scalar insertions into diagram in Fig. [2] with phases. We find the vertices 

/^j ^xJ q{^-x)Jx ^ ^ I sin(7rmix) sin(7rm2x) sin(7rm3x) 

\ (mi,m2,m3) (0)3 / " 7r^ms(mix + n){m2X - u) 

,r)J r^xJ o{i-x)J\ _ 9 ^ sin(7rmix) sin(^m2x) sin(^m3x) 

\^(mi,m2,m3)^(ni,n2,n3)^ / ^ ^ 7V^(miX - ni){m2X - n2)(msX - Us) 

(6.2) 

The above correlators are valid as long as the denominator is not zero. For the special cases 
when the denominator vanishes, we have the following correlators 



\'^(0-m,m)^(0,0)(i,2)'^(0)3 / " 



X2 



,r,J c,.J Q{l-x)J^ _ 9 sm'(7rmx) 

{Oio,ofl)0lio,o)0'^'-^^') = ^x\l-xf^ (6.3) 
6.2 The case of (0^^ ^ ^ ^OfnVO^n/O^n/) 

\ (mi,m2,m3) (0)i (0)2 (0)3/ 

We study a simple case of the correlator (O/ ^Of^^'^Of^/Of^/) to illustrate the factor- 

^ ^ \ (mi,m2,m3) (0)i (0)2 (0)3/ 

ization relation with more than 2 stringy mode excitations. It is implicit that the parameters 
satisfy mi + m2 + m3 = and xi + X2 + X3 = 1. The field theory diagrams are basically 
the same as the case of 2 string modes in Figs. [3| [5]and we draw them in Fig. [29| 

We calculate the contributions by summing over the 3 scalar insertions with phases. 



= ^ / dyi{ + / )dy2e-^^''^^y' / ^^36"^^^^^^^ / d^4e"^^^^^^^ 
^ Jo Jo Jyi+X2 Jyi J xi-\-x2 

sin(m2X27r) sin(m3X37r) 



2 2 
7712/713 



-{mi cos[7r(m2X2 — m3X3) 



+ (— l)^^m3 cos[7r(miX3 + m2Xi)] + (— l)^^m2 cos[7r(miX2 + m3Xi)]} 
^2^"^^^ F^'^\xi ^ X2, mi ^ m2) 

F^^^^ = f[^^\xi ^ X3,mi ^ m3) (6.4) 



For the string diagrams, we draw them in Fig. 30 we calculate the diagrams using the 
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qJ 

^{mi ,m2,m3) 




^(0)i ^(0)2 ^(0)3 



(13) 




(0) 



(0)i 



(13) 



(mi ,1712,7713) 




Figure 29: The field theory diagrams for the correlators {0(^^^^^^^^)0^^o^''^O^^o^^^O^^^^^J. We 



denote the contributions F^ 



(13) p(13) 



and Fr 



(13) 
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vertices and summing over intermediate states 



(13) _ /^J ^{l-xi)J ^xiJ\/^{l-xi)J ^X2Jr^X3J\ 

\^(mi,m2,m3)^(-n,n)(2,3)^(0)i/\^(-n,n)(2,3)^(0)2^(0)^ 

) 

(13), 



-,(13) 



n=— oo 



= S{ (xi o X2, mi o m2) 
5j^3) ^ S[^^\xi o X3,mi o ms) 



(6.5) 



We perform the sum and check the factorization relation 



^(13) ^ ^^3) ^ ^^3) 



(6.6) 



6.3 One-loop string propagation 

We study one more example of (0(^^^^^2,m3)^fni,n2,n3))torus where it is implicit that mi + 
^2 + ^3 = ni + 77.2 + ^3 = due to the closed string level matching condition. First we 
consider the generic case that none of m^, n^, rrii — nj^ mi + rij (i^j = 1, 2, 3) is zero. There 



is only one field theory diagram as depicted in Fig. [T5| We sum over 3 scalar insertions 
into the diagram with phases 



/qJ qJ \ 

\ (mi, 7712,777,3) (721,722,723) / torus 



dxidx2dxsdx46(xi + X2 + + X4 



^ fXi rxi+X2 
J~j'j^ / _^g27rmi(a:3+X4) / _^ ^2tt ini{x 4.- x 2) I 

•I -'O J xi J xi 



^^gg27ri(n3-m3)3/3 

I—X4 



-27Tini{x2+X3) 



+X2 



)dyie 



(6 



27Ti(ni—mi 



X4 



This is a 7-dimensional integral. The integration variables xi,X2,X3,X4 are the lengths 
of 4 segments in the single trace operator, and the integration variables ^1,^2,^3 are the 
positions of the scalar insertion where we have used the cyclic symmetry to put in the first 
segment. The integration variables y 1,1/2,1/3 further divide the 4 segments into 7 segments 



and the integral can be reduced into sums of the standard integrals (B.l) but it is more 
complicated than the case of 2 scalar insertions. We find the expression in terms of the 



standard integral (B.l) as the followings 



-^^ ^ — (^(mi,m2,m3)^(rii,n2,n3))torus 



.(14) 



.(14) 



(14) 



.(14) 



(6.8) 
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(14) 



(ni,n2,n3) 




(14) 



^(7711,7712,7713) 




(711,712,773) 



Fierure 31: The striner diaerrams for the correlators (Oj xO/ ^)tor^s, where 

^ <^ <^ \ (7771,7772,7773) (771,772,^3)' ' 

there are 3 cases for the first diagrams (ii, ^2, ^3) = (1, 2, 3), (2, 3, 1), (3, 1, 2). We denote the 
contributions of these 2 diagrams and 5f ). 



where 



^^4) ^ ^/(i ;L,5)(2vrz(mi - n^), -2Tii{mj - nj),0) 



r(i4) 



.(14) 



.(14) 



X] Ai,2,2,2)(27rz(mi - n^), -2m{mj - nj), -2mmj,0) 

+^(1,2,2,2) (2vrz(mi - n^), -27vi{mj - nj),27vinj, 0) 

X^ /(1 1 1 2,2)(27rz(mi — rii), —27vimj,27vinj, —27vi(mj — nj),0) 

^(1,1,1,1,1,1,1) (27rzm^, 27vini, —27vimj, —27vinj 



, 2Tii{mi — nj), —27ri{mj — ni)^ 0) 



(14) _ ^(14) 



.(14) 



(6.9) 

0. There seems 



For the generic case of rrii^ni, it turns out that F2 
to be some hidden symmetries which are not obvious the integral expression (B.l). The 



contribution vanishes for each term in F^^^\ but only the total contributions vanish in the 
cases F2''^^ and ^^3"*^^^. So the only non- vanishing contribution is F^^^^ and we find the 
correlator 



^2,^773)^(771,772,^73) /■t^^^^s Q0^4 TT^ 



327r4 ntiK-"i)' 



(6.10) 



We consider the string diagrams. The 2 diagrams are drawn in Fig. 31 and we denote 
the contributions s[^^'' and 5^2^^^ The computations are carried out by summing over the 
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intermediate states 

3 



i3=l ^ k=—oo 



(mi,m2,m3)'^(-fc,/c)(,^,,2) (0)^3 (-^'^)(^i,z2) W^s (^1.^2,723)/ 

^3=1 " " k=—oo 
(14) /''^ 

^^2 = / -^^^ X] (^fmi,m2,m3)^f/i,/c2,/c3)^^^ ^ ) ^^Iki M M)^^^ '^^'^^(m, 712, 713)) 

/ci+fc2 + A^3=0 

(6.11) 

We perform the the sums and integrals for the contributions. It turns out for the generic 
case of rui^ni, the first diagram vanishes s[^^'' = 0. The vanishing is due to an antisymmetry 
X ^ 1 — X of the integrand, which is not present at the vertex level, but only appears after 
summing over the string modes k of the intermediate states. So the total contribution 
5^(14) ^ gO-^) gO-^) Qj^jy come from the second diagram S2^^\ We do the calculations and 
check the factorization relation with the field theory contribution ( 6.10| ), 



^ - A^(.n„m2,m3)^(n„n2,n3))torus - iQTr^ntiK " 



The formulae (6.10) for the correlator is valid for the generic case when the arguments 



in the equations (6.9) are not degenerate. When some arguments are identical, we need to 



combine them according to (B.2) before we can use (B.4, B.5) to compute them. It can be 
easily checked that the degeneracy only happens when some of the m^, n^, — rij, rrii + nj 
{i^j = 1, 2, 3) vanish. We discuss these various cases in the followings. Needless to say, one 
can check that the factorization relation S^^"^"^ = 2F(-^^) is fulfilled for all these cases. 

1. rui = 0, rii or 7^ 0, = for some i G {1, 2, 3}. We find the correlator vanish 
^(14) _ Q regardless whether there are further degeneracies in the other parameters. 
The vanishing can be directly seen from the integral ( |6.7| ). For example, if ni = and 
mi 7^ 0, then one integral contributes a factor dyie^^^^^^^^ = 0. For the string 
diagrams, we find both S^^"^ and S^^"^ no longer vanish but their contributions cancel 
each others. 

2. rui — rii — {) for some i G {1,2,3}. The correlator reduces to the case of correlator 



with 2 scalar insertions (5.2) studied before, since there is no phase factor in summing 
over the scalar insertion (j)^ and it contributes just a constant factor which is properly 
cancelled. 

3. 713 = ^3 (without loss of generality) and everything else generic. The level matching 
conditions are 7712 = —mi — ma, 712 = —ni — 713, and we can express the correlator 
using 3 parameters mi, 7ii, ma. In this case we find all F^^^^ (i = 1, 2, 3, 4) in (6.9) are 
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non- vanishing, and the answer looks more comphcated than the generic case 

^^^^^ " 487T^{mi - ni)2 ^ 167T^{mi - m)^ ^^'^^^ 
+ (mi + ni)ml + minim\ — mini (mi + ni)m3 — m\n\ 
167r^(mi — ni)2minim3(m3 + mi)(m3 + ni) 

:{m^(m? + n?) 



167r^(mi — niYm\n\rri^{rn'i + mi)2(m3 + niY 
^2m\{m\ni + mi^i + mi + ni) + m3(4mini + 2mini + 4mini + mf + n\) 
-]-2m\mini{m\ + n\) — Sm\m\n\ — ^m^m\n\{mi + ni) — 2m\n\} 

4. 713 — '^2 (without loss of generality) and everything else generic. It turns out in this 
case the generic formula ( |6.10| ) is still valid even though some arguments in (6.9) are 
degenerate. One can simply plug in the parameters with 713 = m2. 

5. 773 = — m3 (without loss of generality) and everything else generic. It turns out in 



this case the generic formula (6.10) is also still valid even though some arguments in 



(6.9) are degenerate. 



6. 773 = — m2 (without loss of generality) and everything else generic. The correlator is 
different from the generic formula. We find 

^(14) _ 2mf - 3mini + 2nl ^^^^^^ 
167r^m^77^(mi — niY 

We note that there are 3 free parameters after taking into account the level matching 
conditions, but the correlator only depends on 2 parameters. 

7. 773 = m3, 772 = ^2 (without loss of generality) and everything else generic. The level 
match conditions also require 771 = mi. We find the correlator 

120 167r4 ^m4^m| mf 1927r2mX"^3 

8. ns = ms, n2 = mi (without loss of generality) and everything else generic. The level 
match conditions also require ni — m2- We find the correlator 

= .^ 4 2 2, ^ ^ ,, [9K + ng)-12miniK + nt) 

487r^mf77f(mi — 77i)^(mi + 77i)^ 

-Qmlnjiml + nj) + 36m?n? - n^mlnUmi - mf] (6.16) 
We note that we would get an incorrect result by simply setting m3 = —mi — m2 = 



—mi — 77i in (6.13), though there is no apparent singularity in doing so. In other 
words, the condition 772 = mi generates more degeneracies and further modifies the 
result. 

9. 773 = m2, 772 = ^1 (without loss of generality) and everything else generic. The level 



match conditions also require 771 = ms. In this case the generic formula (6.10) is valid. 
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11. 



10. ns = —ms^ 712 — —Tn2 (without loss of generality) and everything else generic. The 
level match conditions also require ni — —mi. In this case the generic formula (6.10) 
is valid. 



713 — —^2, ^2 = —^3 (without loss of generality) and everything else generic. The 
level match conditions also force ni — —mi. In this case the generic formula (6.10) is 
not valid, and we find 



15 



(6.17) 



We note that this can not be obtained from the more generic formula (6.14) for the 
case of ns — —m2 by further setting ni — —mi. 

12. ns = —m2, n2 = —mi (without loss of generality) and everything else generic. The 



level match conditions also force ni = —ms- In this case the generic formula (6.10) is 
not valid, and we find 



i?(14) 



m^ — mini + n^ 



4:Ti^m\n\{mi — niY 
This is also different from the more generic formula ( |6.14 ). 



(6.18) 



13. 77,3 = 777.3, '^2 = —777.2 (without loss of generality) and everything else generic. In this 
case the correlator can be obtained from the case of 77,3 = 777.3 discussed above by 
further setting 77.2 = —777.2 in (6.13). In other words, the condition 77.2 = —777.2 does not 



further change the correlator through degeneracies. 

14. 77.3 = 777.3, '^2 = —777.1 (without loss of generality) and everything else generic. In this 
case the correlator can not be obtained from the previous case of 77.3 = 777.3 by further 
setting 77.2 = —777.1. In other words, the condition 77.2 = —777.1 changes the correlator 
through more degeneracies in the integral. We find the correlator 



^(14) + 3777.^777.3 + 6777.3 + TT 777.^777.3 (777.^ ~ ^3) 

487r4777.^777.3(777.^ 777.3)^ 



(6.19) 



15. 77.3 = —777.3, ^2 = ^1 (without loss of generality) and everything else generic. In this 
case the generic formula ( |6.10| ) is valid. 

16. 77.3 = —777.2, ^2 = ^3 or 77.2 = 777.1 (without loss of generality) and everything else 
generic. In this case the correlator can be obtained from the more generic previous 



case of 77.3 = —777.2 (6.14). In fact, the condition 77.2 = 777.3 oi" ^2 = ^1 does not change 



the correlator at all, since the formula (6.14) only depends on two parameters 777.1 cind 
77.1. 



One general pattern in these discussions is that the degeneracies 777.^ = —77.^ and 777.^ 



77.0 



{i 7^ j) are more benign than the other cases of 777.^ = 77.^ and 777.^ = — 77.j (z ^ j) , and one 
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can often obtain the correlator by directly plugging these benign conditions in the formula 
of a more generic case. There is only one exception to this pattern encountered in case 
[8] where the condition n2 = mi does modify the formula for the correlator from a more 
generic situation. 

It is also possible to derive the factorization relation S^-*^^^ = 2F^^^'^ using the integral 



form of the vertices as we did in Section [5^ for BMN operators with 2 stringy modes. This 
would be much more complicated than the previous case but the derivation would apply to 
all the degenerate cases without the need to discuss each case separately. 

7 Conclusion 



In this paper we check the factorization relation (4.2) in many examples where the initial 
state is a single string state. However, we expect the factorization to also work for certain 
string diagrams in the cases where both initial and final states are multi-string states, so 
long as no string in the intermediate steps of the string diagram is longer than all the 
external initial and final strings in terms of the number of Z fields in the corresponding 
trace operator. This is supported by the study of tree level 2^2 process in Sec |3.2[ where 
we find the factorization works for T, U channels, but fails for the S channel because the 
string propagating in the S channel is the longest string. 

It is well known that in flat Minkowski space, the string amplitude at /i-loop level goes 
like (2h)\gl^ for large /i, while the Yang-Mills field theory amplitude goes like where 
Qs and qym are the coupling constants of the string theory and field theory. The pertur- 
bation theory is divergent but is Borel summable. There is an ambiguity in performing 
the Borel summation of asymptotic series, which is of the order e~^/^^ for string theory 
and e~^/^YM^ where A represents a positive number. These ambiguities come from non- 
perturbative effects not captured by the perturbation theory, and they come from D-branes 
in the case of string theory and instantons in the case of gauge theory. In our case, the 
effective coupling constant is ^ = At genus h level, there are ^^2h-^T' ^^^^ theory dia- 
grams p2j. For the vacuum operator each diagram contributes l/(4/i)!, so the perturbation 
series is actually convergent and can be summed up 

(O^O^) = y = '-^^^^ (7.1) 

^^(2/i + l)(4/i)!^ g ^' > 

We do not expect a qualitative change to convergence property for the correlators of general 
stringy BMN operators. To explain the convergence, we note that in the free field limit = 
0, we effectively "zoom in" an infinitesimal patch of the spacetime where the corresponding 
string theory lives, so that the spacetime becomes infinitely curved and the strings are 
infinitely long. We conjecture that in this limit we have decoupled the D-branes and their 
non-perturbative effects, so the string perturbation theory is complete and convergent. 



66 



A Some useful summation formulae 



Some useful summation formulae for many of the calculations of string diagrams is 

oo 

E 



1 cot(ai7r) — cot(a27r) 

— Tr- 



ip - ai)(p - 0^2) - 

p=—oo ^-^ ^ ^-^ ^ 

^ly^ sin^(p7r/3) vr sin(ai7r(l — ^)) sin(ai7r/3) 

^ (p — ai)(p — a2) (oii — a2) sinfaiTr) 

sin(a27r(l - sin(a27r/3). . . 

sm(Q;27r) 

sin(2j97r/3) tt .sin(ai7r(l - 2/3)) sin(a2vr(l - 2/3)) 



E 



— q;i)(p — 0^2) (<^i — 0^2) sin(ai7r) sin(a27r) 

Here we assume ai, 0:2 are not integers, and < /3 < 1 in the second and third equations. 
Since the series is absolute convergent, we can take derivative with respect to ai or a2 and 
generate more formula with higher power of p — ai in the denominator. Sometime we need 
to take the limit where one of the a^'s is an integer, in this case the summation formulae 
are still valid but we need to exclude p = in the summation on both sides carefully. We 
can also subtract the formulae with each others to generate summation formulae with more 
factors in the denominator. For example, we can see 

1 - ^ [ ^ ^ ], (A.2) 

{p - ai){p - a2){p - as) (0:2 - ^3) {p - «i)(p " ^2) {p - «i)(p " ^s) ' 

which can generate a summation formula with 3 factors in the denominator from formulae 
in ( [All ). 

The formulae in (A.l) can be also thought of as coming from the following simpler 
formulae 

00 ^ 

= —7TCOt(a7T) 

p-a ^ ^ 



p=—oc 

^ ^27Tip/3 -7Tia{l-2l3) 

E = • , , ^ (0</3<l) (A.3) 

p=—oo ^ ^ 

However, the sums in these formulae are not by themselves convergent, though they are 
Borel summable. They should be only thought of as "seed formulae" for formal manipula- 
tions to generate convergent summation formulae such as (A.l). All the sums in the string 
diagrams are absolute convergent without the need for regularization. 
Another useful formula is about the Dirac delta function. 



p=-oo k 



J2 Kx-k) (A.4) 



This is special case of the Poisson resummation formula. This formula would be useful 
for performing the sum over intermediate string states in string diagrams with the integral 
form of the 3-string vertex. 
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B Field theory calculations for {O'Ljj^^^O'Lj^^^h 

Here we recapitulate the methods in [17] for computing free field correlator {O^Lj^ mO-n n) 
at genus h. At genus h there are ^^2h-^T' cyclically different diagrams [22]. Each diagram 
can be represented by a permutation a : (1,2, •• • ,4/i) ((j(l), (j(2), • • • ,(j(4/i)). In our 
terminology this is an irreducible short process, extendable into long processes and string 
diagrams. 

To compute the contributions of a field theory diagram, one defines the following stan- 
dardized integral 



/(iXl, U2^ • • • , Ur) = / dxi • • • dXrS(xi + • • • + — 1) 

Jo 



It is clear that the integral is unchanged if we add an integer multiple of 27rz to all the 
arguments. If some of the uis are identical, one uses the following notation 

^(ai,-,a,)(^l,^2, • • • ,Ur)= I{ui, • • • ,Ui,U2,"' ,U2,"' ,Ur,"' ,Ur), (B.2) 

where a^'s are integers representing the numbers of the uis in the right hand side, and for 
= we can just eliminate the corresponding argument. The integral can be calculated 
by the following recursion relation 

{Ui - Uj)I^^^^...^^^){ui,U2, • • • ,Ur) 
= ^(ai,-,a,-l,-,a.)('^l''^2, • • • , '^r) " /(ai,- ,a,-l,... ,a,) (^1 , ^2, ' ' ' ,^r), (B.3) 



If Ui 7^ Uj then this equation can be used to reduce the number of arguments, but the 
s g 

can obtain the formulae for the integral 



relation is also valid and both sides are zero when Ui — Uj. From the recursion relation one 



i=l j^i 

Vt id/duiY'' 

^(ai+l,-,a.+l)(^ir-- ,^r) = Jj T ^(^1' ' ' ' '^^)' (^•^) 

where the UiS are different. 

Now the contribution of a field theory diagram of permutation a G S/^h can be expressed 



in terms of the integrals (B.l). First one adds a fixed point 4/i + 1 to the permutation a 
to obtain another permutation a G S/^h+ii ^"^^ for 1 < i < 4/i + 1 one defines the following 
numbers 

//•(cr) = number of {j \ j < < 
lri{a) = number of {j \ j < > 
rli{a) = number of {j \ j > < 
rri{a) = number of {j \ j > i^cr{j) > 
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then the contribution of a field theory diagram represented by permutation a to the corre- 



lator {O'L^ ^O'Ln n) h can be expressed as 



4/1+1 

Fa{m,n) = ^ V,(a)+i,^r,(a),w,(a),rr,(a)+i)(27rz(m - n),27rzm, -27rm,0) (B.6) 

i=l 

To understand this formula, we note that since lli{a) + lri{a) + rli{a) + rri{a) = 4/i, this is 
a 4/i + 2 dimensional integral with r = 4/i + 2 in terms of ( |B.l ). The integration variables 
come from the division of the single trace into 4/i segments, and also there are two scalar 
insertions in the BMN operators which further add 2 integration variables when we sum 
over the positions of the scalar insertions. The exponential factor in (B.l) corresponds to 
the BMN phases in the operators. For single traces operators, we can use the cyclicality to 
fix one scalar insertion in one of the 4/i segments, then the other scalar insertion can run in 
any of the resulting 4/i + 1 segments, generating a sum over 4/i + 1 terms in (B.6). If one of 
operators are multi-trace, we can no longer use the cyclicality and the integrals would be 
more complicated. 
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